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Abstract. In this paper we construct conformally invariant systems of first order and second order 
differential operators associated to a homogeneous line bundle C s — > Go/Qo with Qq a maximal 
' two-step nilpotent parabolic subgroup of a Lie group Go- This generalizes the results by Barchini, 

Kable, and Zierau. To do so we use techniques different from these used by them. 

1. Introduction 

The main work of this paper concerns systems of differential operators that are equivariant under 
an action of a Lie algebra. We call such systems conformally invariant. To explain the meaning 
of the equivariance condition, suppose that V — > M is a vector bundle over a smooth manifold 
M and g is a Lie algebra of first-order differential operators that act on sections of V. A linearly 
independent list D\, . . . ,D n of linear differential operators on sections of V is called a conformally 
invariant system if, for each X € 0, there are smooth functions C^(m) on M so that, for all 
1 < i < n, and sections / of V, we have 

n 

(1.1) ([X,Di].f)(m) =Y J Cf i {m){D j .f){m), 

5=1 

where [X, Dj] = XDj — DjX. (See Definition 12.31 for the precise definition.) Here, the dot • denotes 
the action of differential operators on smooth functions. 

An important consequence of the definition (jl.ip is that the common kernel of the operators in the 
conformally invariant system D±, . . . , D n is invariant under a Lie algebra action. The representation 
theoretic question of understanding the common kernel as a g-module is an open question (except 
for a small number of very special examples). 

The notion of conformally invariant systems generalizes that of quasi-invariant differential opera- 
tors introduced by Kostant in [14] and is related to a work of Huang ([7]). It is also compatible with 
the definition given by Ehrenpreis in [5]. Conformally invariant systems are explicitly or implicitly 
presented in the work of Davidson-Enright-Stanke ([!]), Kable ([9], [10]), Kobayashi-0rsted (|13j), 
Wallach ([H]), among others. Much of the published work is for the case that M = G/Q with 
Q = LN, N abelian. The systematic study of conformally invariant systems started with the work 
of Barchini-Kable-Zierau in [l] and [2]. 

Although the theory of conformally invariant systems can be viewed as a geometric-analytic 
theory, it is closely related to algebraic objects such as generalized Verma modules. It has been 
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shown in [2] that a conformally invariant system yields a homomorphism between certain generalized 
Verma modules. The classification of non-standard homomorphisms between generalized Verma 
modules is an open problem. In [16], it is determined whether or not the homomorphisms between 
the generalized Verma modules that arise from certain conformally invariant systems are standard. 

The main goal of this paper is to build systems of differential operators that satisfy the condition 
(II. ip . when M is a homogeneous manifold G/Q with Q a maximal two-step nilpotent parabolic 
subgroup. This is to construct systems D\, . . . , D n acting on sections of bundles V s — > G/Q over 
G/Q in a systematic manner and to determine the bundles V s on which the systems are conformally 
invariant. The method that we use is different from one used by Barchini-Kable-Zierau in pp. 

To describe our work more precisely, let G be a complex, simple, connected, simply-connected 
Lie group with Lie algebra g. It is known that g has a Z-grading g = ©S = _ r 0(i) so that q = 
0(0) © J>o fl(i) = I © n is a parabolic subalgebra of g. Let Q = Nc(q) = LN. For a real form 
0o of g, define Go to be an analytic subgroup of G with Lie algebra 0. Set Qo = Ng (({)- Our 
manifold is M = Gq/Qq and we consider a line bundle C s — > Gq/Qq for each s£C. By the Bruhat 
theory, that Gq/Qq admits an open dense submanifold NoQo/Qo- We restrict our bundle to this 
submanifold. The systems that we study act on smooth sections of the restricted bundle. 

To build systems of differential operators we observe that L acts by the adjoint representa- 
tion on 0(1) with a unique open orbit. This makes 0(1) a prehomogeneous vector space. Our 
construction is based on the invariant theory of a prehomogeneous vector space. It is natural 
to associate L-equivariant polynomial maps called covariant maps to the prehomogeneous vec- 
tor space (L, Ad, 0(1)). To define our systems of differential operators, we use covariant maps 
T~k '■ 0(1) — > g(—r + k) ® 0(r) that are associated to 0(1). (See Definition 13.11 ) Each can be 
thought of as giving the symbols of the differential operators that we study. 

Let g(—r + k) (g) g(r) = V± © ■ • ■ © V m be the irreducible decomposition of g(—r + k) ® g(r) as an 
L-module. Covariant map induces an L-equivariant linear map fk\y* : V* — > V k (g(l))) with V* 
the dual of an irreducible constituent Vj of g(—r + k)0g(r) and V k (g(l)) the space of homogeneous 
polynomials on 0(1) of degree k. We define differential operators from f^\y*(Y*). For Y* £ V? , let 
Qfc(y*) denote the k-th order differential operators that are constructed from ?k\v*(Y*)- We say 
that a list of differential operators D±, . . . , D n is the Qklvf system if it is equivalent (see Definition 
[2^]) to a list of differential operators Q k (Y{), ... , £l k (Y*), where {Y*, ... , Y*} is a basis for V*. By 
construction the S~2fc I v^* system consists of dimc(V^) operators. 

The conformal invariance of the f^ly system depends on the complex parameter s for the line 
bundle C s . Then we say that the Slk\v* system has special value sq if the system is conformally 
invariant on the line bundle C So . The special values for the case that dim([n, n]) = 1 for q = [ © n 
are studied by Barchini-Kable-Zierau in pQ and [2], and myself in |17j and |18j . 

In this paper we consider a more general case; namely, q = tffin is a maximal parabolic subalgebra 
and n satisfies the condition that [n, [n, n]] = and dimc([n, n]) > 1. We call such parabolic 
subalgebras maximal two-step nilpotent parabolic subalgebras of non-Heisenberg type. In this case 
we have r = 2 in (|3.4p . Therefore the systems for k > 5 are zero. We determine the special values 
of the Oi system and SI2 systems associated to the parabolic subalgebras under consideration. 
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We may want to remark that, although the special value of s for the fl± system is easily found 
by computing the bracket [X, Qx(Y*)], it is not easy to find the special values for the Q2 systems 
by a direct computation. (See Section 5 of pp.) In this paper, to find the special values for the 
systems, we use two reduction techniques. These techniques significantly reduce the amount of 
computations. (See Proposition 12.161 and Proposition 17.131 ) 

This paper consists of seven sections including this introduction and one appendix. We now 
outline the contents of the rest of this paper. In Section[2l we first recall the definition of conformally 
invariant systems of differential operators and then collect some useful formulas. In Section (3J the 
construction of the fifc systems is given precisely. To construct the system and ^2 systems 
for maximal two-step nilpotent parabolic subalgebra q of non-Heisenberg type, we study such a 
parabolic subalgebra q and the associated 2-grading g = ©j = _ 2 0(i) i n Section [H 

We construct the system and find its special value in Section [5j In this section we also fix 
normalizations for root vectors. The normalizations play an important role to construct the system. 
We show that the special value si for the Q\ system is si = 0. This is done in Theorem 15.71 

To build the O2 systems, we need to find the irreducible constituents V* of I* (g> $(n)* so that 
T2W* 7^ 0. In Section [6l we show preliminary results to find such irreducible constituents. First we 
decompose l®$(n) into the direct sum of the irreducible constituents. By using the decomposition 
results, we then determine the candidates of the irreducible constituents V* so that f 2 |y* 7^ 0. We 
build the f2 2 systems and find their special values in Section The special values are determined 
in Theorem 17. 161 

Finally, in Appendix[A] we summarize the miscellaneous useful data for the parabolic subalgebras 
under consideration. 

Acknowledgment. This work is part of the author's Ph.D. thesis at Oklahoma State University. 
The author would like to thank his advisor, Leticia Barchini, for her generous guidance. He would 
also like to thank Anthony Kable and Roger Zierau for their valuable comments on this work. 

2. Conformally Invariant Systems 

In this section we recall from [2] the definition of a conformally invariant system of differential 
operators. We also collect some properties of such a system of differential operators. 

2.1. Conformally Invariant Systems. Let go De a real Lie algebra and X(M) be the space of 
smooth vector fields on a smooth manifold M. 

Definition 2.1. [2, page 790] A smooth manifold M is called a Qo-manifold if there is an M-linear 
map tt m : g ->• C°°(M) T{M) so that for all X, Y G g , 

7T M ([X,Y}) = [tt m (X),<k m (Y)}. 

For each X £ g , we write tt m (X) = ir (X) + vri(A) with vr (A) G C°°(M) and vri(A) G X(M). 
We denote by H)(V) the space of differential operators on smooth sections of V. 

Definition 2.2. [2, page 791] Let M be a ^-manifold. A vector bundle V —> M is called a 
QQ-bundle if there is an M.-linear map iry : qq — > D(V) that satisfies the following properties: 
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(Bl) We have n v ([X,Y]) = [tt v (X),tt v (Y)} for all X,Y G g . 

(B2) In D(V), [tt v (X)J] = tti(X>/ for all X G g and / G C°°(M). 

Definition 2.3. [2, page 791] Let V — » M be a Qo-bundle. A conformally invariant system on 

V with respect to 7rv is a list of differential operators D\, . . . ,D m G B(V) so that the following two 
conditions hold: 

(51) At each point p G M, the list D\, . . . , D m is linearly independent. 

(52) For each X G O) there is a matrix C{X) in M mxm (C°°(M)) so that in D(V), 

m 

[ir v (X),D t } = Y,Cji(X)D r 

3=1 

The map C : go — > M mxm (C°°(M)) is called the structure operator of the conformally invariant 
system. 

If g is the complexification of go then g-manifolds and g-bundles are defined by extending the go- 
action C-linearly. In p. 792 in [2], the equivalence of two conformally invariant systems are defined. 
For later convenience we apply the same definition to any systems of differential operators. (See 
Definition E21) 

Definition 2.4. We say that two systems of differential operators (not necessarily conformally in- 
variant) D\, . . . , D n and D[, . . . , D' n in B(V) are equivalent if there is a matrix A G GL(n, C°°(M)) 
so that, for 1 < i < n, 

n 

Definition 2.5. [2, page 793] A conformally invariant system D\, . . . ,D n is called reducible if 

there are an equivalent conformally invariant system D' l7 . . . , D' n and anm < n such that the system 
D[, . . . , D' m is conformally invariant. Otherwise we say that D\, . . . , D n is irreducible. 

We now specialize the g-manifold and g-bundle that we will work with. Let G be a complex, 
simple, connected, simply-connected Lie group with Lie algebra g. Such G contains a maximal 
connected solvable subgroup B. Write b = f) u for its Lie algebra with f) the Cartan subalgebra 
and u the nilpotent subalgebra. Let q D b be a parabolic subalgebra of g. We define Q = A^j(q), 
a parabolic subgroup of G. Write Q = LN for the Levi decomposition of Q. with L the Levi 
subgroup and N the nilpotent subgroup. 

Let go be a real form of g and let Go be the analytic subgroup of G with Lie algebra go- Define 
Qo = Xg ((\) C Q, and write Qo = LqNq. We will work with M = Go/Qo for a class of maximal 
parabolic subgroup Qo that will be specified in Section |H 

Next, we need to specify a vector bundle V on M. To this end let A = A(g, fj) be the set of 
roots of g with respect to f). Let A + be the positive system attached to b and denote by II the set 
of simple roots. For each subset S C II, let qs be the corresponding standard parabolic subalgebra. 
Write q s = Is © n s with Levi factor l s = f) aeAg Q a and nilpotent radical n s = © Qe A+\A s 5«> 
where Ag = {a G A | a G span(II\S')}. If Qo is a maximal parabolic then there exists a unique 
simple root a q G II so that q = c\{ aq }- Let A q be the fundamental weight of a q . The weight A q 
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is orthogonal to any roots a with Q a C [I, I]. Hence it exponentiates to a character Xq of L. As 
Xq takes real values on Lq, for s G C, character x s = |Xq| s is well-defined on Lq. Let C x s be the 
one-dimensional representation of Lq with character x s ■ The representation x s is extended to a 
representation of Qq by making it trivial on Nq. Then it deduces a line bundle C s on M = Gq/Qq 
with fiber C x «. 

The group Go acts on the space 

= {F£ C°°(G , C r ) | F(gq) = ^VO?) for all q G Qq and g G G } 
by left translation. The action ir s of go on (Gq/Qq, C x «) arising from this action is given by 

(w s (Y).F)(g) = ±F(eM-tY)9)\ t=0 

for Y" G 0o- This action is extended C-linearly to g and then naturally to the universal enveloping 
algebra U(q). We use the same symbols for the extended actions. 

Let Nq be the nilpotent subgroup opposite to Nq. By the Bruhat theory, the subset NoQo is 
open and dense in Go. Then the restriction map C^(Go/Qo,C x s) — s- C°°(iVo,C x s) is an injection, 
where C°°(iVo, C x s) is the space of the smooth functions from iVo to C x «. Then, for u € U(q) and 
F e C x <) (Go/Qo,C x s), we let / = i^ljvo an d define the action of U(g) on the image of the restriction 
map by 

(2-6) n s (u).f= (tt s (u).F)\ No . 

The line bundle C s — > Gq/Qq restricted to Nq is the trivial bundle iVo x C x s — > No. By slight abuse 
of notation, we refer to the trivial bundle over Nq as C s . Then in practice our manifold M will be 
M = No and our vector bundle will be the trivial bundle. 

Now we show that, with the action ir s , the group No and the trivial bundle C s are a g-manifold 
and g-bundle, respectively. Let ti and q be the complexifications of the Lie algebras of iVo and Qq, 
respectively; we have the direct sum q = n© q. For Y G g, write Y = Y^ + Yq for the decomposition 
of Y in this direct sum. Similarly, write the Bruhat decomposition of g € NoQo as g = n(g)q(g) 
with n(<7) G Nq and q(p) G Qq. For Y G go, we have 

(2-7) y fi = ^n(exp(tY))| t=0 , 

and a similar equality holds for Y q . Define a right action R of U(n) on C°° (iVo , C x s ) by 

(2.8) (R(X)-f)(n) = j t f{neMtX))\ t=0 

for X G no and / G C°°(No, C x s). Observe that, by definition, the differential dx of x is d>x = A q . 
A direct computation then shows that, for Y G Q and / in the image of the restriction map 

C^{Go/Q ,C x s) -»■ C°°(No,C x s), we have 

(2.9) (vr s (y)./)(n) = s\ q ((Ad(n~ 1 )y) q )/(n) - (^((Ad^-^y^)./) (n). 
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Observe that (12.9H implies that the representation ir s extends to a representation of U{q) on the 
whole space C°°(Nq,C x s). Moreover, it also shows that for all Y G g, the linear map 7r s (Y) is in 
C°°(Nq) X(Nq). Therefore, with this linear map ir s , Nq is a g-manifold. 

Next, we show that the linear map ir s gives C s the structure of a g-bundle. As n s is a representa- 
tion of g, the condition (Bl) of Definition 12.21 is trivial. Thus it suffices to show that the condition 
(B2) holds. Since C s is the trivial bundle of Nq with fiber C x $, the space of smooth sections of 
C s is identified with C°°(iVo, C x «). The following proposition establishes the condition (B2) in our 
situation. 

Proposition 2.10. In B(C S ), forY eg and f G C°°(No), we have 

{[7r s (Y),f])(n) = -(i?((Ad(n- 1 )y) s )./)(n). 

Proof. This follows from the definition of [7r s (Y),/] and formula (|2.9p . □ 

2.2. Properties of Conformally Invariant Systems. In Section [3] we are going to construct 
systems of differential operators on C s . The systems of operators will satisfy several properties of 
conformally invariant systems. For convenience we collect those properties from [2] here. 

We first define an action of Lq on D(£ s ). As on p. 805 of [2], we define an action of Lq on 

C°°(iVo,C xS ) by 

(l-f)(n)=X S (l)f(r 1 nl). 
This action agrees with the action of Lq by the left translation on the image of the restriction map 
C^^Gq/Qo, C x s) — > C°°(Nq,C x s). In terms of this action we define an action of Lq on B(jC s ) by 

(2.11) (l-D).f = l-{D.{l- 1 .f)). 

Definition 2.12. [2, page 806] A conformally invariant system D\, . . . ,D m on C s — > Nq is called 
LQ-stable if there is a map c : Lq — > GL{n, C°°(Nq)) such that 

rn 

i=i 

It is known that there exists a semisimple element Hq € i, so that ad(i?o) has only integer 
eigenvalues on g with g(l) ^ {0}, I = g(0), n = J>o g(j), and n = j>o g(-j), where g(j) is the 
j-eigenspace of ad(i^o)- (See for example [T2l Section X.3]) 

Definition 2.13. [2, page 804] A conformally invariant system Di,..., D m is called homogeneous 

if C{Hq) is a scalar matrix, where C is the structure operator of the conformally invariant system. 
(See Definitions^) 

Proposition 2.14. [2, Proposition 17] Any irreducible conformally invariant system is homoge- 
neous. 

Define 

B(£ s ) fl = {D € D(£ s ) | [tt s (X), D}=0 for all X G n}. 
Observe that in the sense of [2J page 796], the g-manifold Nq is straight with respect to the subal- 
gebra n of g ( [2, page 799] ) . Then we state the definition of straight conformally invariant systems 
specialized to the present situation. (For the general definition see p. 797 of [2].) 
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Definition 2.15. We say that a conformally invariant system Di, . . . ,D m is straight if Dj G 
B(£ s fforj = l,...,m. 

In general, to show that a given list D\, . . . , D m of differential operators on Nq is a conformally 
invariant system, we need check (S2) of Definition 12.31 at each point of Nq. Proposition 12.161 below 
shows that in the case D\, . . . , D m in D(£ s ) n , it suffices to check the condition only at the identity 
e. 

Proposition 2.16. [2, Proposition 13] Let D\, . . . , D m be a list of operators in D(C s ) n . Suppose 
that the list is linearly independent at e and that there is a map 6:0—)- g[(m, C) such that 

m 

(MY), A]«/)(e) = X>(*%(iV/)(e) 

i=i 

for all Y G g, f G C°°(Nq,C x s), and 1 < i < m. Then Di, . . . ,D m is a conformally invariant 
system on C s . The structure operator of the system is given by C(Y)(n) = b(Ad(n^ 1 )Y) for all 
n € No & n d Y G g. 

2.3. Useful Formulas. To end this section we are going to show two formulas that will make 
certain arguments simple in Section [5] and Section [71 

Proposition 2.17. LetY £ q and f G C°°(N ,C x s). For X,Xi,X 2 G n ; we have 
([7r,(ni2(X)]./)(n) = M^ 

and 

([7T s (Y),R(X 1 )R(X 2 )]»f)(n) 

= (R([(Ad(n- 1 )Y) q ,X 1 ] n )R(X i )>f)(n) + (^^^([(AdCn-^y),, Jr 2 ] fi )./)(n) 
+ {R([[Ad(n- l )Y,X 1 ] q ,X 2 ]^f)(n) - ^([Ad^- 1 )^ X 1 ] q )(R(X 2 )*f)(n) 
- sX.dAdin-^X^iRiX^f^n) - s\ q ([[Ad(n^ 1 )Y, Xi], X 2 ] q )f(n). 

Proof. These formulas follow from a direct computation on the left hand side of each equation using 

flip . □ 

3. The Q k Systems 

The purpose of this section is to construct systems of k-th order differential operators in D(£ s ) n 
in a systematic manner. We shall call the systems of operators fifc systems. 

3.1. Construction of the systems. Let q = ©j = _ r 0(j) on g be a Z-grading on g with 
g(l) 7^ 0. By construction, q = g(0)©© J>0 g(j) is a parabolic subalgebra. Take L to be the analytic 
subgroup of G with Lie algebra g(0). Observe that, by Vinberg's Theorem ( [12], Theorem 10.19]), 
the triple (L, Ad, g(l)) is a prehomogeneous vector space, that is, L has an open orbit in g(l). 
To define our systems of differential operators, we use covariant maps (L-equivariant polynomial 
maps), which we denote by r^, associated to prehomogeneous vector space (L,Ad,g(l)). These 
maps can be thought to give symbols of a class of differential operators that we will study. We 
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would like to acknowledge that the construction of Tk as in this paper was suggested by Anthony 
Kable. 

Definition 3.1. Let g = ©j = _ r g(j) be a graded complex simple Lie algebra with g(l) ^ 0. Then, 
for < k < 2r, the map on g(l) is defined by 

T k : g(l) ->■ g(-r + k) ® g(r) 

X h-> -3-ad(X) fc o; 
k\ 

with u) = X^7 j 6A(g(r)) ^—ij ® ' where X^ are root vectors for and A(g(r)) is the set of roots 
a so that g a C g(r). 

Here, we mean by &d(X) k uj that X acts on the tensor product diagonally via the action ad(-) fc . 
Observe that since X G g(l) and [g(l),g(r)] = 0, we have ad(X) k X 7j = for all jj G A(g(r)). 
Therefore, ad(X) fc w = £^ ad(X) fc (X_ 7j ) ® X^. . 

We shall check in Lemma 13.31 that these maps are indeed L-equivariant. Observe that, by the 
standard argument, the element oj is independent of a choice of a basis for g(r) and the dual basis 
for g(— r). 

Lemma 3.2. Xei g = (Bj = _ r g(j) fre a graded complex simple Lie algebra with g(l) 7^ and G be a 
complex analytic group with Lie algebra g. Lf L is the analytic subgroup of G with Lie algebra g(0) 
and co is as in Definition \3.1\ then, for all I G L, 

(Ad(i) ® Ad(i))w = w. 

Proof. li g E L then {Ad(l)Xy. j 7^ £ A(g(r))} forms a basis for g(r). It also holds that 
{Ad(Z)X_ 7i j 7j G A(g(r))} is the dual basis for g(— r) with respect to the Killing form. Now 
the assertion follows from the property that ui is independent of a choice of a basis for g(r) and the 
dual basis for g(— r). □ 

Lemma 3.3. Let g = ©j = _ r g(i), G, and L be as in Lemma WH For all I G L, X G g(l), and for 
< k < 2r, we have 

r k (Ad(l)X) = (Ad(Z) ® Ad(Z))r fc (X). 

Proof. For / G L, we have 

T fc (Ad(Z)X) = i ad(Ad(Z)(X)) fc (X_ 73 ) ® Xy. 

' 7i eA( 3 (n)) 

= £ E Ad(/)(ad(X) fc (Ad(r 1 )X_ 7j )) ®X 7 . 
' 7jeA(j(n)) 

= (Ad(Z)®Ad(Z))Qj ad(X) fe (Ad(r 1 )X_ 7j .)®Ad(r 1 )(X 7j )') 

V ■ 7j -6A( > (tt)) J 

= (Ad(Z) ® Ad(Z)) (^adpf ) fc w 
= (Ad(0® Ad(0)r fc (X). 

Note that Lemma 13.21 is applied from line four to line five. □ 
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Now we are going to build the systems of differential operators in lD)(£ s ) n that we study. Observe 
that, as r k : g(l) — > g(— r + k) (8> g(r) = W are L-equivariant polynomial maps of degree k, the 
maps Tfc can be thought of as elements in (V k (Q(l)) <£> W) , where V k (g(l)) denotes the space 
of homogeneous polynomials on g(l) of degree k. Then the isomorphism (V k (g(l)) (g) W) L = 
Horn/^VF*, 7^(0(1))) yields the .L-intertwining operators f k , that are given by 

(3.4) f k (Y*)(X)=Y*(r k (X)), 

where W* is the dual module of W with respect to the Killing form. For each Y* G W*, we have 
f k (Y*) G P fc (g(l)) = Sym fc (g(-1)). We define differential operators in D(£ s ) fl from f k (Y*). This is 
done as follows. Let a : Sym fc (g(— 1)) — > U(ri) be the symmetrization operator. Identify U(ri) with 
D(£ s ) n by making n act on C°°(iVo,C x s) via right differentiation R. Then we have a composition 
of linear maps 

W* % V k ( Q (l)) - Sym fc (g(-1)) 4 W(n) 4 D(£ s f. 

For y* G W*, we define a differential operator ft k (Y*) G lD(£ s ) n by 

n k (Y*) = Roaof k (Y*). 

As we will work with irreducible systems we need to be a little more careful with our construction; 
in particular, we need to take an irreducible constituent of g(— r + k)* (g>g(r)*. Let g(— r + k)®g(r) = 
V\@- ■ -®V m be the irreducible decomposition of g(— r+/c)(g)g(r) as an L-module, and let g(— r+k)*® 
g(r)* = V* ® ■ • ■ ffi be the corresponding irreducible decomposition of g(— r + k)* ® g(r)*, where 
g(j)* are the dual spaces of g(j) with respect to the Killing form. For each irreducible constituent 
V* of g(— r + k)* <g>g(r)*, there exists an L-intertwining operator f k \y* G Homi(V* ,V k (q(1))) given 
as in (|3.4p . Then we define a linear operator f^ly-* : V? — > B(£ s ) n by 

f2fc I y* = R o a o f k I y* . 

Since, for Y* G V*, we have Vt k \y*{Y*) = Q k (Y*) as a differential operator, we simply write Q k (Y*) 
for the differential operator arising from Y* £V* . 

Definition 3.5. IfV* is an irreducible constituent o/g(— r + k)* <g> g(r)* so i/iai f k \y* ^ i/ten a 
list of differential operators Di, . . . ,D n G B(£ s ) n is called the £l k \v* system if it is equivalent (see 
Definition \2.4\ ) to a list of differential operators 

(3.6) Sl k (Y?),... > n k (YZ), 

where {Yf, . . . , Y*} is a basis for V* . 

We also simply refer each system to an Q k system. We want to remark that the construc- 

tion of the 0^ systems might require additional modification to secure the conformal invariance. 
See Section 6 in p] and Section 3 in [18] for the modification for the systems of the Heisenberg 
parabolic subalgebra. 

It is important to notice that it is not necessary for the Sl k systems to be conformally invariant; 
their conformal invariance strongly depends on the complex parameter s for the line bundle £. s . 
So, we give the following definition. 
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Definition 3.7. Let V* be an irreducible constituent of q(— r + k)* (g) 0(r)*. Then we say that the 
&k\v* system has special value so if the system is conformally invariant on the line bundle C So . 

Note that, as the opposite parabolic Qo = LqNq is chosen in p], our special values sq are of the 
form so = —s'q, where s'q are the special values shown in pQ. 

Observe that the linear operator 0/c|y* : V* — > D(£ s ) n is an Lo-intertwining operator with 
respect to the action given in (|2.1ip ; in particular, the f^y* system is Lo-stable (see Definition 
I2.12p . Indeed, one can check that we have I ■ R(u) = R(Ad(l)u) for I £ Lq and u € U(n). 
This action stabilizes the subspace D(C s ) n . With the adjoint action of Lq on ti(n), the linear 
isomorphism U(n) -5- D(£ s ) fl is then Lo-equvariant. It is clear that each map in V* k -$ V k (Q(l)) = 
Sym fc (g(— 1)) U(n) is Lo-equivariant with respect to the natural actions of Lq on each space, 
which are induced by the adjoint action of Lq on q. Therefore, with the Lo-action (|2.1ip . the 
operator f2fc|y* : V* — > B(£ s ) n is an Lo-intertwining operator. Now we summarize some properties 
of the system. 

Remark 3.8. It follows from the definition and observation above that the £lk\v* system satisfies 
the following properties: 

(1) The £l k \v* system satisfies the condition (SI) of Definition \2.3[ 

(2) When the £l k \v* system is conformally invariant then it is an irreducible, straight, and 
Lq -stable system. By Proposition \2. 141 M * s a ^ so a homogeneous system. 

3.2. Computations involving the 0, k systems. We are going to show two technical lemmas that 
will be used in Section [71 For D € D(£ s ), we denote by D n the linear functional / i— > (D»f)(n) for 
/ € C°°{No,C x s). A simple observation shows that (DiD 2 ) n = {D 1 ) n D 2 for Di,D 2 £ B(£ s ); in 
particular, if (Di) n = then [Di,D 2 ], n = -{D 2 ) n Di. 

Lemma 3.9. Suppose thatV* is an irreducible constituent of g(— r + /c)* (g>0(r)* . Let X\, X 2 € q and 
Yf, . . . ,Y* € V*. IfiTsiX^e = and if we have [ir a (Xi), n k {Y*)] e € span c {n k (Y*) e | j = 1, . . . n} 
for i = 1,2 then 

(3.10) [tt.CXx), [tt s (X 2 ), n k (Y*)]] e E spanc^^, O fe (Y n *) e }. 
Proof. Observe that [tt s (X\ ) , [ir s (X 2 ) , D, k (Y t *)]] is 

(3.11) 7r s (Xi)[7r s (X 2 ),fi fc (Y t *)] - [tt s (X 2 ), fi fc (Y t *)]7r a (Xi). 

Since, by assumption, we have 7r s (Xi) e = 0, the first term is zero at e. By assumption, the bracket 
[ir s (X 2 ), {l k (Y t *)] e is a linear combination of Q k (Yi) e , . . . , £l k (Y*) e over C. So it may be written 
as [ir s (X 2 ), Q k (Y t *)] e = Sj=i a jt^k(Y*) e with ajt € C. Then, the second term in (13.111) evaluates 
to - T,j=i^k(Yf) e ir a (X 1 ) at the identity e. Since (7r s (Xi)O fc (y/)) e = ir a (Xi) e £l k (yf) = 0, we 
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obtain 

n 

[n s (Xt), [ir s (X 2 ),n k (Y t *)]] e = -5> it n fc (37) e 7r a (Xi) 

n 

= -J2 a ^s{Xx),n k (Y*)} e . 

Now the proposed result follows from the assumption that [n s (Xi), Q k (Yj* )] e is a linear combination 
of n k (Y*) e over C. □ 

If A + (l) is the set of positive roots in [ then we set 

ut = © 5« and "I = © fl-a- 

A+([) A+([) 

Lemma 3.12. Suppose that g(l) is irreducible and that V* is an irreducible constituent o/g(— r + 
A;)* (8) Q(r)* . Let X^ be a highest weight vector for g(l) and Y[* be a lowest weight vector for V* . If 

[7r s (x h ), n k (YO] e e spandsikOrfie, . . . , n k (Y:) e } 

with {Y*, ... ,Y*} a basis for V* then, for any X G g(l) and Y* G V* , 

[7r s (x),o fc (F*)] e g spanc{n fc (i7)e, . . .,o fc (r n *) e }. 

Proof. Set £ = span c {O fe (Y 1 *) e , . . . , Q, k (Y*) e ). We first show that for each X G g(l), 

(3.13) [Tr s (X),n k (YO] e eE. 

Observe that since (L,g(l)) is assumed to be irreducible, the L-module g(l) is given by g(l) = 
U(u\)Xh. Then, as tt s is linear on g(l), it suffices to show that f|3. 13j) holds when X = u k ■ X^ with 
u k a monomial in U{u\). This is done by induction on the order of u k . Indeed, the proof is clear 
once we show that ()3.13j) holds for X = Z ■ X^ = [Z, X^] with Z G ttf. 
By the Jocobi identity, the commutator [n s ([Z,Xh]),£lk{Y*)] is 

[Tr s ([z,x h ]),n k (Yn] 

(3.14) = [tt s (Z), [Tr s (X h ),n k (YO}} - frsiXh), [7r s (Z),n k (Yn]}. 
By the [-equivariance of the operator £l k : V* — > B(£ s ) n , it follows that 

[7r s (z),n k (Y l *)] = n k ([z,Y l *]). 

Since Z G ii[ and Yr* is a lowest weight vector, we have £l k ([Z, Yr*]) = 0, and so is the second term 
of the right hand side of (|3.14|) . Thus we have 

(3.15) [ir.([Z,X h ]),n k (Y?)] e = k.(Z),[7r a (X A ),n fc (y { *)]]e. 
Now, by hypotheses and the [-equivariance of $l k , it follows that 

[ir t (X h ),n k (Yf)] e , l7r s (Z),n k (YO] e € E. 

As Z G U(, by (|2.9p . we have 7r s (Z) e = 0. Thus it follows from Lemma 13.91 that we have 
[tt s (Z), [7T s (X h ),n k (Y*)]] e G E. Therefore, [n s ([Z , X h ]),Q k (Y*)] e G E by ^M- 
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Next we show that for any X Gg(l) and Y* G V* , 

(3.16) [7T s (X),n k (Y*)] e eE. 

Once again since V* is irreducible, it is given by V* = W(u[)Y^*. As before, it is enough to show 
that (pDi)]) holds for Y* = Z ■ Yf with Z G U[. Since Vt k {Z ■ Y?) = [ir s (Z), ^(Xf )], by the Jacobi 
identity, the commutator [tt s (X), £l k {Z ■ Y*)] is 

[7r s (x),n k (z -Yn] 

(3.17) = mz), MX), 1407)]] - l[ir s (z),iT s (x)],n k (YO}. 

We showed above that [n s (X),Q,k(Y*)] e G E. Since we have ir s (Z) e = and [ir 8 (Z), Q k (Y*)] e G E, 
by Lemma 13.91 the first term of the right hand side of (|3.17p satisfies 

[ir a (Z),[ir a (X),n k (Xn]]e€E. 

Moreover, as [tt s (Z),tt s (X)] = ir s ([Z,X]) with [Z,X] G 0(1), by what we have shown above, the 
second term satisfies 

l[TT s (Z),TT s (X)],n k (YO]e£E. 

Hence, [ir s (X), Vt k {Z ■ Y*% EE. □ 

4. Parabolic Subalgebras and Z-gradings 

It has been observed in Subsection 13.11 that the Z-grading g = ®J = _ r g(j) on q and parabolic 
subalgebra q play a role to construct the £l k systems. In this section we observe these in detail for q 
a maximal two-step nilpotent parabolic subalgebra of non-Heisenberg type. The J2j system and 
systems of those parabolic subalgebras will be constructed in Section [5] and Section [3 respectively. 

4.1. fc-step Nilpotent Parabolic Subalgebras. Let r be any nonzero Lie algebra. Put to = r, 
n = [r, r], and tfc = [r, x k -\] for k G Z>o- We call the k-th step of r for k G Z>o- The Lie 
algebra r is called nilpotent if = for some k, and it is called /c-step nilpotent if tfc_i ^ 
and x k = 0. In particular, if [r, r] = then r is called abelian, and if dim([r, t]) = 1 then r is 
called Heisenberg. Note that r is Heisenberg if and only if its center j(t) is one-dimensional. If 
the nilpotent radical n of a parabolic subalgebra q = I © n is fc-step nilpotent (resp. abelian or 
Heisenberg) then we say that q is a /c-step nilpotent (resp. abelian or Heisenberg) parabolic 
subalgebra. 

To build the f2i system and systems of a maximal two-step nilpotent parabolic subalgebra 
q, it is convenient to classify the fc-step nilpotent parabolic subalgebras q by the subsets of simple 
roots. If (3 = J2a€U m a a £ Saen ^ J ° i t nen we sa Y that \m a \ are the multiplicities of a in f3. 

Proposition 4.1. Let q be a complex simple Lie algebra with highest root 7, and qs = l©n be the 
parabolic subalgebra of g that is parametrized by S with S = {ai 1: ■ ■ ■ ,ai r } C n. Then n is k-step 
nilpotent if and only if k = + nii 2 + • • • + rrii r! where m\. are the multiplicities of Oj. in 7. 

Proof. As this is a well-known fact, we omit a proof. (For a proof, see for instance Section 3.1 of 

US].) □ 
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The following observation would be useful when we consider fc-step nilpotent parabolic sub- 
algebras. First, observe that, by the one-to-one correspondence between the standard parabolic 
subalgebras c\s and the subsets S C II, we can associate subdiagrams of Dynkin diagrams to par- 
abolic subalgebras c\s- The subdiagrams that associates to c\s are obtained by deleting the nodes 
of the Dynkin diagram of g that correspond to the simple roots in S, and the edges in incident on 
them. We call such subdiagrams deleted Dynkin diagrams. With the multiplicities of simple 
roots in the highest root of g in hand, by Proposition 14.14 we then see the number of steps of 
nilradical n of qs from the deleted Dynkin diagram. Table Q] shows the multiplicities the simple 
roots in the highest root 7. We use the Bourbaki conventions [3] for the labels of the simple roots. 

Table 1. Highest Roots 



Type 


Highest root 




ai + a 2 + • • • + a n 


B n 


a\ + 2a 2 + 2«3 + • • • + 2a n 


c n 


2«i + 2a 2 H + 2a n _i + la n 


D n 


a\ + 2a 2 + 203 H + 2a n -2 + a n -\ + a n 


E(>, 


a\ + 2a 2 + 203 + 3a4 + 205 + ckq 


E 7 


2a% + 2ot2 + 3«3 + 4«4 + 3qs + 2oq + aj 


E 8 


2a\ + 3«2 + 4a3 + 604 + 5«5 + 4q6 + "ia-j + 2a% 


Fa 


2a.\ + 3q2 + 4o;3 + 2a4 


G 2 


3ai + 2a2 



Example 14.21 below describes the deleted Dynkin diagram of a given parabolic qs and how we 
read the diagram. For simplicity, we depict deleted Dynkin diagrams by crossing out the deleted 
nodes. 

Example 4.2. Let g = s[(6, C). The Dynkin diagram is 

o o o o o 

OL\ 02 «3 «4 «5 

Choose S = {02,04} C n. Then the deleted Dynkin diagram of parabolic subalgebra q$ correspond- 
ing to the subset S is 

o ® o <g> o . 

ol\ ct2 a 3 « 4 a 5 

Moreover, by Tabled the multiplicity of each simple root in the highest root of q is 1. Thus, c\s is 
a two-step nilpotent parabolic subalgebra. 

By the above observation we often refer to parabolic subalgebras qs by their corresponding 
subset S of simple roots. To this end, we are going to define classification types of parabolics q^. 
In Definition 14.31 below, we mean by classification type T of g type A n , B n , C n , D n , Eq, E7, E$, 
F 4 , or G 2 . 

Definition 4.3. If g is a complex simple Lie algebra of classification type T and if S is a subset 
of n of simple roots then we say that a parabolic subalgebra qs of g is of type T(S), or type 
T(ii, . . . ,ik) if S = {a^,. . . ,a ik }. 

For example, the parabolic subalgebra qs in Example 14.21 is of type ^5(2, 4). Any maximal 
parabolic subalgebra is of type T{i) for some a% € n. 
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4.2. Maximal Two-Step Nilpotent Parabolic q of Non-Heisenberg type. Now we observe 
the 2-grading g = ©j = _ 2 fl(i) on g, that is induced from a maximal two-step nilpotent parabolic 
subalgebra q of non-Heisenberg type. 

Assume that g has rank greater than one and that a q is a simple root, so that the parabolic 
subalgebra q = (\{ a y = tffin parameterized by a q is a maximal two-step nilpotent parabolic with 
dim([n, n]) > 1. Let (•, •) be the inner product induced on h* corresponding to the Killing form k. 
Write ||a|| 2 = (a, a) for a G A. The coroot of a is a v = 2a/ (a, a). 

Recall from Section [2] that A q denotes the fundamental weight for a q . As A([) = {a G A [ a G 
span(n\{a q })} and A(n) = A+\A(l), we have 

'=0 if/3€A([) 
> if p G A(n) . 

Observe that if H\ G f) is defined by k(H, H\) = X q (H) for all H G rj and if 



(A„,/3) 



(4.4) H q = Tr-T^H Xct 

I l u: i 1 1 

then P{H q ) is the multiplicity of a q in f3. In particular, it follows from Proposition 14.11 that for 
(3 G A + , (3(Hq) can only take the values of 0, 1, or 2. Therefore, if denotes the j-eigenspace of 
ad(iJq) then the action of ad(i^ q ) on g induces a 2-grading 

g = g(-2) © g(-l) © g(0) © g(l) © g(2) 

with parabolic subalgebra 

q = g(0) © (1) © (2). 

Here we have I = g(0) and n = g(l) © g(2). The subalgebra ri, the opposite of n, is given by 

n = g(-l)ffig(-2). 



Let [ = 3([) © [[, [] be the decomposition of I, that corresponds to L = Z(L)°L SS with Z(L)° the 
identity component of the center of L and L ss the semisimple part of L. We say that a weight 
v G t)* is a highest weight of a finite dimensional L-module V if v\^ BS is a highest weight of V as 
an L s <j-module, where t) ss = f) n [[, []. A lowest weight of a finite dimensional L-module is similarly 
defined. 

Proposition 4.5. Let q = g(0) © g(l) © g(2) be the maximal two-step nilpotent parabolic of non- 
Heisenberg type determined by a q . 

(1) The subspace g(l) is the irreducible L-module with lowest weight a q . 

(2) The subspace g(2) is the irreducible L-module with highest weight 7. 

(3) We have a(n) = g(2). 

Proof. Observe that, as Ad(L) preserves g(j), to prove the assertions (1) and (2), it suffices to 
consider g(l) and g(2) as [-modules. For the assertion (1), the t-irreducibility of g(l) just follows 
from a well-known fact that, for q = g(0) © ©g(j)j>o with g(l) / 0, g(l) is g(0)-irreducible if 
and only if q is a maximal parabolic subalgebra. The lowest weight of g(l) follows from Corollary 
10. 2A of [5J. For the assertion (2), it is clear that U(g(0))X y C g(2). On the other hand, as 
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n = fl(-l)© (-2), it follows that W(n)g(2) C ©) = _ 2 fl(j). As g = ©J = _ 2 0(j) = W(n)(W(g(0))X 7 ), 
this shows that ^/(g(0))X 7 D g(2). To prove assertion (3), since g(2) C 3(n), it suffices to show the 
other inclusion. If X G 3(n) then, as n = g(l) © g(2), there exist Xj G for j = 1, 2 so that 

X = Xi + X 2 . Since X, X 2 G 3(n), for any Y G n, we have 

[y, Xx] = [y, Xi] + [y, x 2 ] = [y. x] = o. 

Thus X\ G 3(n) n g(l). Now observe that the assertion (1) implies that 3(n) n g(l) = {0}. Thus 

X I = and so X = X 2 G g(2). □ 

Now, since [ = g(0), g(2) = 3(n) and g(— 2) = %(n), we write the 2-grading g = 0j = _ 2 g(j) as 

(4.6) g = 3(n)©g(-i)©t©g(i)©3(n) 

with parabolic subalgebra 

(4.7) q = 10 0(1) ©3(n). 

4.3. The simple ideals L and [„ 7 . We next observe the structure of the Levi subalgebra [ = 
3(1) ©[I, []• The structure of I will play a role in Section[6l when we decompose t<S>3(n) into irreducible 
L-submodules. 

We start with the center 3(1). The center 3(1) is of the form 3(1) = HogeX!) ker(a). Since g has 
rank greater than one and since II([) = II\{aq}, the center 3(1) is non-zero and one-dimensional. It 
is clear from (I4.4p that Hq is an element of 3(1). Therefore we have 3(0 = CHq. 

Next we consider the structure of [[, I]. Observe that if g is not of type A n then there is exactly 
one simple root that is not orthogonal to 7. Let q 7 denote the unique simple root. It is easy to 
see that c\{ ay } is the Heisenberg parabolic of g; that is, the two-step nilpotent parabolic subalgebra 
with dim([n, n]) = 1. Hence, if c\{ aq } is a maximal two-step nilpotent parabolic subalgebra with 
dim([n, n]) > 1 then a 7 G II([) = n\{a q }. If we delete the node corresponding to a q then we obtain 
one, two, or three subgraphs with one subgraph containing a 7 . This implies that the subalgebra 
[I, I] is either simple or the direct sum of two or three simple ideals with only one simple ideal 
containing the root space g Q7 for q 7 . The three subgraphs occur only when q is of type D n (n — 2). 
So, if q is not of type D n (n — 2) then there are at most two subgraphs. In this case we denote by 
ly (resp. t n7 ) the simple ideal of [ whose subgraph in the deleted Dynkin diagram contains (resp. 
does not contain) the node for a 1 . Thus the Levi subalgebra I may decompose into 

(4.8) [ = C# q © ly © [ n7 . 

Then, for the rest of this section, we assume that q is not of type D n {n — 2), so that the Levi 
subalgebra [ can be expressed as (I4.8P . Recall from Definition 14.31 that if g is of type T then we 
say that the parabolic subalgebra q determined by G LT is of type T{i). Then the parabolic 
subalgebras q under consideration are given as follows: 



(4.9) 



B n (i) (3 < i < n), C n (i) (2 < i < n - 1), D n (i) (3 < i < n - 3), 
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and 

(4.10) £ 6 (3), £ 6 (5), E 7 (2), E 7 (6), E 8 (l), F 4 (4). 

Note that, in type A n , any maximal parabolic subalgebra is of abelian type, and also that, in type 
G2, the two maximal parabolic subalgebras are either a 3-step or a Heisenberg parabolic subalgebra. 

Write II([ 7 ) = {a G IT | a G A(I 7 )} and IT(l n7 ) = {a G IT | a G A(l„ 7 )}. Example below 
exhibits the subgraphs for l 7 and [„ 7 of q of type -Bs(3) with IT([ 7 ) and n([„ 7 ). One can find those 
data in Appendix [A] for each maximal parabolic subalgebra in (|4.9p or (|4.10p . 

Example 4.11. Let q be the parabolic subalgebra of type B§(3) with deleted Dynkin diagram 

O O (g) o p o . 

Qi 012 a 3 04 «5 

Observe that the unique simple root a 7 i/iai is not orthogonal to the highest root 7 is a 7 = 02- 
Therefore, the subgraph for L is 

O o 

and i/iai /or [„ 7 is 

0=^0 

04 Q5 

wni/i II(l 7 ) = {ai, 0:2} and n([„ 7 ) = {«4, as}. 

Remark 4.12. vis a 7 is £/ie unique simple root that is not orthogonal to 7, we have (7, a 7 ) > 
and (7, a) = /or any other simple roots a. In particular, (0,7) = for all a G IT([ n7 ). 

4.4. The Highest Weights for l 7 , [„ 7 , g(l), and 3(n). For the rest of this section we summarize 
technical lemmas on the L-highest weights for t 7 , [„ 7 , g(l), and ^(n). These technical facts will be 
used in later computations. 

Proposition 14.51 shows that 3(11) has highest weight 7, which is the highest root of g. We denote 
by £ 7 , £ n7 , and \x the highest weights for 1 7 , [ n7 , and g(l), respectively. These highest weights are 
summarized in Appendix [A] for each of the parabolic subalgebras under consideration. We remark 
that all these highest weights are indeed roots in A + . Observe that the highest weights £ 7 and £ n7 
of ly and [ n7 , respectively, are also the highest roots of t 7 and l ni as simple algebras; in particular, 
the multiplicities of a G IT(l 7 ) (resp. a G n(l„ 7 )) in £ 7 (resp. £ n7 ) are all strictly positive. 

Lemma 4.13. If o; q is the simple root that determines q = t®0(l)©3(n) then £ 7 + a q and£ n7 + a q 
are roots. 

Proof. We only prove that £ 7 + a q G A; the other assertion that £„ 7 + a q G A can be proven 
similarly. It suffices to show that (£ 7 ,a q ) < 0, since both £ 7 and a q are roots. For a G IT we 
observe that {a, a q ) < if a is adjacent to a q in the Dynkin diagram and (a,a q ) = otherwise. 
An observation on the deleted Dynkin diagrams shows that there exists a unique simple root in 
IT([ 7 ) that is adjacent to a q . Since £ 7 is the highest root for [ 7 as a simple algebra, the multiplicity 
of afc in £ 7 is strictly positive. Thus (£ 7 ,a q ) < 0. □ 

Lemma 4.14. 7/£ 7 , £ n7 , fi, and 7 are the highest weights o/l 7 , [„ 7 , g(l), and 3(n) ; respectively, 
then the following hold: 
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(1) 7 -e 7 G A, but i a. 

(2) 7 -/i€ A. 

(3) fi-^/j,- £„ 7 € A. 

Proof. To prove 7 — £ n7 ^ A, observe that if n and m are the largest non-negative integers so that 
7 — n£„ 7 € A and 7 + m£„ 7 S A, respectively, then (7, £™) = n — m. Since (7, a v ) = for all 
a € A([ n7 ), we have (7, £ v ) = and so n = m. As £ n7 G A + and 7 is the highest root, 7 + £ n7 ^ A. 
Therefore, n = m = 0, which concludes that 7 — £„ 7 is not a root. To prove 7 — ^ 7 £ A, it suffices 
to show that (7,£ 7 ) > 0, since both 7 and £ 7 are roots. Write £ 7 in terms of simple roots in n(L). 
Observe that each a £ n(l 7 ) has positive multiplicity m a in £ 7 . As 7 is orthogonal to a for any 
a € n([ 7 )\{a 7 }, we have (7, £ 7 ) = m a (7, a 7 ) > 0. The assertions (2) and (3) can be shown 
similarly. □ 

The following technical lemma will simplify arguments concerning the long roots later. When q 
is simply laced, we regard any root long root. 

Lemma 4.15. Suppose that a £ A is a long root. For any (3 £ A, the following hold. 

(1) If /3 — a e A then (/?, a v ) = 1. 

(2) If p + a£A then (/?, a v ) = -1. 

(3) 7/ /3 ± a G A tfien /3 T a £ A. 

(4) /3±2a i A. 

Proof. These simply follow from the standard arguments using the structure theory of Lie algebras. 

□ 

Lemma 4.16. If £ 7; £„ 7 , [i, and 7 are the highest weights o/l 7 , [„ 7 , g(l), and ^(n), respectively, 
then the following hold: 

(1) 7-M + £n 7 G A. 

(2) 7 -/i-e„ 7 ^ A. 

(3) // £ 7 is a Zona root i/ien 7 — /x ± £ 7 A . 

Proof. Lemma 14.141 shows that 7 — fi G A. Then in order to prove (1), it is enough to show that 
(£n 7 >7 ~ t 1 ) < 0. It follows from Remark 14.121 that (£n 7 >7) = 0. On the other hand, we have 
(£ n7 ,/i) > by the proof for (3) of Lemma [4. 141 Therefore, 

(£n 7 > 7 - /^) = (£n 7 > 7) - (£n 7 , M) < 0. 

When £„ 7 is a long root of g, the assertion (2) follows from (1) and Lemma 14.151 The data in 
Appendix lAl shows that £ n7 is a long root unless q is of type B n (n — 1). If q is of type B n (n — 1) 
then we have 7 = E\ + £2, ^ = £1 + £ n , and £„ 7 = e n . Thus 7 — fi — £ n7 ^ A. 

To show (3), observe that, by Lemma f4.14|. we have 7 — £ 7 , /U — £ 7 G A. Since £ 7 is assumed to 
be a long root, it follows from Lemma T4.15I that (7, £ 7 ) = (/x, £ 7 ) = 1. Therefore (7 — £ 7 ) = 0, 
which forces that 

(4-17) ||7-^±e 7 || 2 = ||7-M|| 2 + |[e 7 l| 2 - 
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Since 7 — \x is a root, we have H7 — 7^ 0. As £ 7 is assumed to be a long root, (14.170 implies that 
(7-^)±£ 7 ^A. □ 

Remark 4.18. Direct observation shows that £ 7 is a long root, unless q is of type C n {i). If q is 
of type C n {i) then the data in Appendix \A\ shows 7 = 2e±, \i = E\ + £j+i, otic? £ 7 = £1 — £«. T/ims 
7 — /i + £ 7 ^ A, &u£ 7 - fi - ( 7 £ A, 

5. The $7i System 

The aim of this section is to determine the complex parameter s\ G C for the line bundle £ s so 
that the Q± system of a maximal two-step nilpotent parabolic subalgebra q of non-Heisenberg type 
is conformally invariant on C Sl . To do so, it is essential to set up convenient normalizations. 

If a, (3 G A then define 

p a fi = max{j G Z>o \ (3 — ja £ A} and 

(5.1) q a> p = max{j G Z> | (3 + G A}. 

In particular, we have 

(5.2) (/3,« V ) = p a ,/3 ~ q a ,p- 

It is known that we can choose X a G Q a and H a G f) for each a G A in such a way that the following 
conditions hold (see for instance [H Sections III. 4 and III.5]). The reader may want to notice that 
our normalizations are different from those used in pQ. 

(HI) For each a G A+, {X a ,X^ a ,H a } is an sl(2, C) triple^ in particular, we have [A a ,-X^_ a ] — 
H a . 

(H2) For each a,/3 G A+, [H a , Xp] = P(H a )X . 
(H3) For a G A we have K,(X a , X- a ) = 1. 
(H4) For a, /? G A we have f3(H a ) = {a,0). 

(H5) For a, /3 G A with a + /3 ^ 0, there is a constant iV a ^ so that 

[X a ,X p ] = N a ^X a+/ s if a + /3 G A, 
iV Qi/ , = if q + p i A. 

(H6) If a±, «2, Q!3 G A + with ai + 02 + 03 = then 

X aiy ct2 ■''02,0:3 ^03,01' 

(H7) If a, /3 G A and a + /3 G A then 

N N _ QaA 1 +Pa,$) u fr u2 

In particular, N a< p is non-zero if a + (3 G A. 
We call the constants iV aj ^ structure constants. 

As we have observed in Subsection 13-H we use the covariant map r\ and the associated L- 
intertwining operators ri|y*, where V* are irreducible constituents of g(— 1)*®jj(2)*. By Definition 
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13.11 the covariant map t\ is given by 

Ti : 0(1) -> fl(-l) 83(11) 
X ^ ad(X)u 

with u = S^. e A(j(n)) "^-7j ®^7j - I* is clear that n is not identically zero. Indeed, if X = X^ with 
\i the highest weight for 0(1) then 

TxiXn) = ad(X M )w = N n-ij x v-ij ® X 7j 

A M (3(ti)) 

with A M (3(n)) = {7? G A (3(11)) | /i — jj G A}. By Lemma 14.14} we have (1-7 £ A with 7 the 
highest weight for 3(n), so A M (3(n)) ^ 0. Since the vectors -X^_ 7 . <8> Xy. for 7^ € A (U (3(n)) are 
linearly independent, we have ti(X^) 7^ 0. 

For each irreducible constituent V* of g(— 1)* (8)3(11)*, there exists an associated L-intertwining 
operator n|y. G Hom L (F*, V 1 (q(1))) so that, for all Y* G V*, 

n| v *(nP0 = ^(nP0). 

Observe that the duality for V* is denned with respect to the Killing form k. Moreover, via the 
Killing form k, we have fl(-l)* <8 3(n)* ^ 0(1) <8 a(n). Thus, if Y* =X a ® X_ 7t with a G A(g(l)) 
and 7 t G A (3(11)) then y*(ri(X)) is given by 

(5.3) Y*( n (X))= <X a , & d(X)X^ j )K(X^ t ,X Jj ), 

7>eA(3(n)) 

as ri(X) = E 7j eA( 3 (n)) ad(X)X_ 7j ® X 7r 

Now we wish to determine all the irreducible constituents V* of 0(1) <8>3(n), so that f\\y* are not 
identically zero. Observe that P 1 (s( 1 )) - Sym 1 (0(-1)) = g(-l) and that g(-l) is an irreducible 
L- module, as q is a maximal parabolic subalgebra. Thus, if fi\y* is not identically zero then 
V* = g(— 1). Proposition 15.41 below shows that the converse also holds. 

Proposition 5.4. Let V* be an irreducible constituent 0/0(1) (8>3(n). Then f\\y* is not identically 
zero if and only ifV* = g(— 1). 

Proof. First observe that g(— 1) is an irreducible constituent of 0(1) (8 1 3 (it). Indeed, since t\ is 
linear, we have ri(g(l)) = g(l) as an L-module; in particular, 0(1) is an irreducible constituent of 
g(— l)<S>3(n). Therefore g(-l) = g(l)* is an irreducible constituent of g(l) <8>3(ti) = (g(— 1) <8>3(n))*. 

To prove fi| fl (_i) is a non-zero map, it suffices to show that fi| fl (_;n(Y*) 7^ for some 1"* G 
g(— 1) C 0(1) <8>3(n). To do so, consider a map 

fi : g(-l) -> 0(1) ®|(tt) 
X t-> ad(X)o) 

with u) = Ylf t eAh(n)) "^7* ® -^"-Tt- This is a non-zero L-intertwining operator. Thus fi(g(— 1)) = 
g(— 1) as an L-module, and T\{X_ a ) is a weight vector with weight —a for all a G A(g(l)). As 0(1) 
has highest weight fi, the lowest weight for g(— 1) is —fi. 
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Now we set 

7t eA M ( 3 (n)) 

with A M (3(n)) = {~f t £ A(3(n)) | 7* - fx € A}. By Lemma KW, it follows that 7 — /i G A; 
in particular, A^(3(n)) ^ 0. The normalization (H7) shows that N-^^N^-^ < for all jt € 
A M (3(n)). Therefore c M ^ 0. Then define Y^* € g(— 1) by means of 



Cm 7t eA M ( 3 (n)) 



We claim that n| 0( _ 1) (yf)(X) ^ 0. By ([5TH]) . the polynomial f 1 ! | (— 1) (^*)(^) is 

n| s( -i)(^)W = ^(n(X)) 

= — S ^-M,7 t K (^-M, a d(X)X_ 7j )K(X„ 7t ,X 7j ) 

7tGA M ( 3 (n)) 
7 ,eA( 3 (n)) 

= — £ iV_ Mj7t K(X 7t _ M ,ad(X)X_ 7 J. 

M 7tGA M ( 3 (n)) 

Write X = Yl a eA(s(i)) Va^a, where rj a £ n* is the coordinate dual to X a with respect to the Killing 
form k. Then, 

^ 7teA M ( 3 (n)) 

= — iV -/»,7i I )« K ( I 7i-/'> ad ( I «) I -7i) 
C/X aeA(g(l)) 
7teA M ( 3 (n)) 

7t eA M (3(n)) 

(5.5) = K (X,A%J. 

Hence ftl^^W^O. □ 

Since only g(— 1) contributes to the construction of the f^i systems, we simply refer to the Vt\ 
system as the fJilg^) system. As we observed in Subsection 13. l\ the operator | (— 1) : fl( — 1) — > 
B(£ s ) n is obtained via the composition of maps 

g (_l) ^(0(1)) -+ (-l) A U(n) 4 B(£ s ) fi . 

By ([53]), we have fi| B( _i)(}7)(X) = Therefore, 

Now, for all a G A(g(l)), set 

F_ Q = fi(X_ a ). 
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Then, as Y t * = (l/c At )ri(X_ At ), we have Oi(Y"_ At ) = c M i?(X_^). Since both r2i| g (_!) and r\ are 
Lo-intertwining operators and since g(— 1) = U(l)X^^, for any a G A(g(l)), we obtain 

(5.6) Sli(Y-a) = c a R(X„ a ) 

with some constant c a . Thus, if A(g(l)) = {ot\, . . . , a m } then the Qi system is given by 

R{X- ai ),..., R{X^ am ) . 

Theorem 5.7. Let q be a complex simple Lie algebra, and let q be a maximal two-step nilpotent 
parabolic subalgebra of non-Heisenberg type. Then the f^i system is conformally invariant on C s if 
and only if s = 0. 

Proof. By Remark 13.81 we only need to show that the condition (S2) in Definition 12.31 holds if and 
only if s = 0. By Theorem 12.171 f° r anv Y £ an d any / E C°° (Nq , C x s ) , we have 

([w s (Y),R(X_ aj )].f)(n) 

= (RiKAdin-^Y^X^.f)^) - sX^Adin-^X^fin). 
Hence, the condition (S2) holds if and only if s = 0. □ 

6. Special Constituents of I©3(n) 

Our next goal is to construct the Q2 systems and to find their special values. To do so, we 
need to detect the irreducible constituents V* of [* © 3(n)* so that T2\v* is not identically zero. 
(See Subsection 13.11 for the general construction of the fifc systems.) In this section we shall show 
preliminary results to find such irreducible constituents. 

6.1. Irreducible Decomposition of l 7 ©3(a). We continue with q = [©g(l) ©3(n) a maximal 
two-step nilpotent parabolic subalgebra of non-Heisenberg type listed in (|4.9|) or (I4.10p . and Q = 
LN = Ng{(\). The Levi subgroup L acts on [ © 3(n) C g <8> via the standard action on the tensor 
product induced by the adjoint representation on [ and 3(n). As L is complex reductive, this action 
is completely reducible. Since I = 3(1) © ( 7 © l n7 with 3(f) = CH q , we have 

(6.1) I © j(n) = (CH q © 3 (n)) © (l 7 © j(n)) © (l„ 7 © a(n)) . 

It is clear that CH q © 3(n) = 3(11) = g(2) as an L-module. Thus, by Corollary 14.51 C-ffq © j(n) is 
L-irreducible. It is also easy to show that [„ 7 ©3(n) is L-irreducible. Let L 7 (resp. L n ~) be the 
analytic subgroup of L with Lie algebra t 7 (resp. l n7 ). As in Subsection 14.21 we call a weight v for 
a finite dimensional L-module V a highest weight for V if the restriction v\^ sg onto t) ss is a highest 
weight for V as an L ss -module. 

Proposition 6.2. Suppose that l n7 7^ 0. If £ n7 and 7 are the highest weights of l n7 and $(n), 
respectively, then [ n7 ©3(n) is the irreducible L-module with highest weight £ n7 + 7. 

Proof. First we observe that L„, 7 acts trivially on 3 (tl). By Corollary 14.51 we have 3 (n) = g(2) = 
U([l, l])Xry. By the observation made in Remark 14.121 it follows that a 1 7 for all a 6 A([ n7 ). 
Thus 3(n) = U{l 1 )X 1 . Hence L„ 7 acts trivially; in particular, the irreducible L-module 3( 
irreducible. On the other hand, it is clear that L 7 acts on l n7 trivially. Therefore the representation 
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(L, Ad ® Ad, [ n7 ® 3(tt)) is equivalent to (L 7 x L„ 7 , Ad®Ad, [ n7 ® 3 (n) ) , where ® denotes the outer 
tensor product. Since [„ 7 and 3(n) have highest weight £„ 7 and 7, respectively, the lemma follows. 

□ 

Now we focus on the irreducible decomposition of L®3(n). As noted in the proof for Proposition 
16.21 the subgroup L n7 acts trivially on t 7 ®3(ti). Hence we study t 7 ®3(n) as an L 7 -module. For 
A £ f)* with (A,a v ) G Z>o for all a G n(l 7 ), we will denote by V(A) the irreducible constituent 
with highest weight A|f, , where f) 7 = f) n t 7 . For classical algebras, we use the standard realization 
of the roots £j, the dual basis of the standard orthonormal basis for R n . For exceptional algebras 
the Bourbaki conventions are used to label the simple roots. 

Theorem 6.3. The L-module l 7 ®3(n) is reducible. IfV(X) denotes the irreducible representation 
of L with highest weight A | f, then the irreducible decomposition of t 7 ®3(n) is given as follows. 

(1) B n (i), 3<i<n: 

f F(£ 7 + 7) V(j) F (£ 7 + (ei + e 3 )) if * = 3 

[V(^ + 7) V{i) F(£ 7 + (ei + Si)) F(£ 7 + (e 2 + e 3 )) if 4 < t < n 

(2) C n (i), 2<i<n-l: 

iv(^ + l)(BV(7)(BV(^ + 2e 2 ) if i = 2 

\ V(£ 7 + 7) © V(7) y(«e 7 + (£ 2 + ei)) F(£ 7 + (ei + s 2 )) if 3 < i < n - 1 

(3) D n (i), 3 < i < n - 3 : 

f F(£y + 7) © V(j) F (£ 7 + (ei + e 3 )) if * = 3 

\^(6y + 7) © ^(7) © ^(£ 7 + (ei + Si)) © + (e 2 + e 3 )) if 4 < i < n - 3 

(4) All exceptional cases (E 6 (3), E 6 (5), E 7 (2), E 7 (6), E 8 (l), F 4 (4)): 

n^+7)©^(7)©ne 7 +7o), 

where 70 is the following root contributing to 3(n): 
^6(3) : 70 = a\ + a 2 + 2a 3 + 3a 4 + 2a 5 + a 6 
Fe(5) : 70 = a\ + a 2 + 2a 3 + 3a 4 + 2a 5 + a 6 
£■7(2) : 70 = ai + 2a 2 + 3a 3 + 4a 4 + 3a 5 + 2a 6 + a 7 
-^7(6) : 70 = ai + 2a 2 + 2a 3 + 4a 4 + 3a 5 + 2a 6 + a 7 
Fg(l) : 70 = 2ai + 3a 2 + 4a 3 + 6a 4 + 5as + 4a6 + 2a 7 + a§ 
F 4 (4) : 70 = a 4 + 2a 2 + 4a 3 + 2a 4 . 

Proof. To prove this theorem we just use the standard character formula due to Klimyk 
Corollary]) for ( 7 ® 3(n). For the details, see Chapter 5 of [15J. □ 

6.2. Special Constituents. Given irreducible constituent V{y) in [®3(n), we build L-intertwining 
map 

f 2 \ v(vr eBom L (V(uy,V 2 (g(l))) 
with V{y)* the dual of V{v) with respect to the Killing form k. From T2|y(i/)* > we construct operator 
£l 2 \v(v)* '■ V(v)* ~ * ^(£s) n - To do so, it is necessary to determine which irreducible constituents 
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V{y) have the property that T2\v{v)* 7^ 0. Thus, next, by using the above decomposition results, 
we shall determine such irreducible constituents. 

First we observe the vector space isomorphism V 2 (g(l)) = Sym 2 (g(l))*. With the natural In- 
action on V 2 (g(l)) and Sym 2 (g(l))*, this vector space isomorphism is L-equivariant. Thus, if 
^ 2 lv(^)* * s a non " zero ma P then V(v) is an irreducible constituent of Sym 2 (cj(l)) C g(l) <S> 0(1); in 
particular, the weight v is of the form v = /x + e for some e G A(g(l)), where [i is the highest weight 
of fl(l). 

One can see from the decompositions in Theorem 16.31 that V(j) is an irreducible constituent of 
t (S> 3(n) for any q under consideration. By Lemma 14.141 we have 7 = [i + e for some e G A(g(l)). 
Now we claim that T2|y( 7 )* is identically zero. It is well-known that 

(6.4) 0(1) ® g(l) = Sym 2 (g(l)) A 2 ( 5 (l)) 

as an L-module. Since each weight space for 0(1) is one-dimensional as weights for 0(1) are roots 
of 0, the L-module decomposition (|6.4p is multiplicity free. 



Proposition 6.5. The L-module V(7) is an irreducible constituent of A 2 (0(1)). 
Proof. Define a linear map ip : ^(n) — > A 2 (0(1)) by means of 

tp(W)= Yl 8d(W)X-p A Xp. 
/3eA( (i)) 

By using an argument similar to that for Lemma 13.31 one can show that ip is L-equivariant. Then, 
since ^(n) = ^(7) as an irreducible L-module, it suffices to show that 93 is a non-zero map. Write 
A 7 (g(l)) = {/3 G A(g(l)) I 7 - P E A}. By LemmaEl we have 7 - fj, G A. Hence A 7 (g(l)) ^ 0. 
By writing f}' = 7 — f} for /3 E A 7 (g(l)), p{X^) is given by 

<p(X y )= Yl ad(X 7 )X_ i g A Xp = Yl N^pXpAXp. 
/3eA( fl (i)) /3eA 7 ( (i)) 

Observe that for each (3 G A 7 (g(l)), we have 7 — (3 G A 7 (0(1)). Moreover, by the normalization 
(H6) of our normalizations in Section [5j it follows that Ny—p> = — N~ p. Therefore, 

(6.6) N 1 _pXp> A Xp + N Jt _p,Xp A Xp, = 2N^pXp, A Xp, 

Since N^_p ^ for /3 G A 7 (g(l)), equation (I6.6P is non-zero. On the other hand, if /3 E A 7 (g(l)) 
and 77 G A 7 (g(l)) is so that 77 ^ /3, /?' then Xp> A Xp and X v A are linearly independent. Hence, 
ip(X 7 ) / 0. □ 

Definition 6.7. An irreducible constituent V{y) of I <8> 3 (tx) is called special if v ^ 7 and there 
exists e G A(g(l)) so that v = \i + e, where fi and 7 are £/ie highest weights for 0(1) and 3(n), 

Proposition 6.8. LetV(y) be an irreducible constituent ofl<S)$(x\). TheriT2\y,y is not identically 
zero only ifV{y) is a special constituent of I® 3(ti). 

Proof. At the beginning of this section we observed that if t^I^m* 7^ then u must be of the form 
v = n + e for some e G A(g(l)). Then V{u) is either a special constituent or V(j) (by Lemma 
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I4.14| 7 satisfies the form). However, by Proposition 16.51 it follows that f2|y( 7 )* is identically zero. 
Therefore, V{v) must be a special constituent. □ 

Now we determine all the special constituents of l<2>3 (n) . Since t<8>3(n) = (CHq<8>3(tl))©([l, I]®3(n)) 
and CH q ® 3(n) = ^(7), it suffices to consider [I, [] <g> 3(11) = (l 7 (8) 3(n)) © (tn 7 ® 3(n)). We start by 
observing that, by Proposition 16.21 [„ 7 <S> %(n) = V{^ ni + 7). 

Proposition 6.9. Suppose that [„ 7 7^ 0. Then the irreducible constituent V(£ n7 + 7) is special. 

Proof. We need to show that £„ 7 + 7 = /i + for some /3 G A(g(l)). This is precisely the statement 
(1) of Lemma EH □ 

We next consider the constituent V{^ n + 7) of ly <8> 3(n) = V(^) ® ^(7). 

Lemma 6.10. T/ie irreducible constituent ^(£ 7 + 7) 0/ L <8>3(n) is not special. 

Proof. Lemma 14. 161 and Remark 14. 181 show that £7 + 7 — £ A (f)(1)), which implies that £ 7 + 7 7^ 
/z + /3 for all /3 G A(g(l)). □ 

We determine all the special constituents of t 7 <8>3(n) in two steps. First we assume that g is a 
classical algebra, and then consider the case that g is an exceptional algebra. 

For classical cases the parabolic subalgebras q under consideration are of type B n (i) (3 < i < n), 
C n (i) (2 < % < n — 1), or D n (i) (3 < i < n — 3). It will be convenient to write /3 G A(g(l)) in terms 
of the fundamental weights of l 7 and [ n7 . It is clear from the deleted Dynkin diagrams that, for 
each of the cases, II(( 7 ) and II([ n7 ) are given by 

n(t 7 ) = {«r I 1 < r < i — 1} and II(l„ 7 ) = {ai +s | 1 < s < n — i}, 

where atj are the simple roots with the standard numbering. By using the standard realizations of 
roots, we have a r = e r — e r+ \ for 1 < r < i — 1, a,i +s = Ei +S — Ei +s+ i for 1 < s < n — i — 1, and 

e n if g is of type B n 

a n = I 2e u if g is of type C n 

/n-i + £ n if is of type D n . 
The data in Appendix lAl shows that if q is of type B n {i) then 

A(g(l)) = {Ej ± £ fc I 1 < j < i and i + 1 < k < n} U {ej | 1 < j < 1} 

and if q is of type C n {i) or D n (i) then 

A (0(1)) = {ej ± £ k \ 1 < j < i and i + 1 < k < n}. 

Since we have two simple algebras L and l„ 7 , we use the notation w r for the fundamental weights of 
a r G II([ 7 ) and w s for those of cti +s G II([ n7 ). Direct computation then shows that each (3 G A(g(l)) 
is exactly one of the following forms: 

(6.11) f3 = < (— w r + w r+ \) + X^=i ™s'&s with 1 < r < i — 2, or 

for some fh s G 7L. 
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Proposition 6.12. Let V(y) be an irreducible constituent of ' L ®3(n). 

(1) If q is of type B n (i) (3 < i < n) or D n (i) (3 < i < n — 3) then V(v) is a special constituent 
if and only if u = 2e\ . 

(2) // q is of type C n (i) (2 < i < n — 1) then V(v) is a special constituent if and only if 

V = El + £ 2 - 

Proof. Suppose that q is of type B n (i), C n (i), or D n {i). By Definition 16.71 we need to find all v of 
the form v = /i + (3 for some f3 E A(g(l)). Here ji, the highest weight for g(l), is 

E\ + Ei + i if q is of type B n (i) with i ^ n, C n (i), or D n (i) 
Ei if q is of type B n {n). 

We write [i in terms of the fundamental weights of ty and [ n7 ; that is, 

wi + mi if q is of type B n (i) with i ^ n, C n (i), or D n (i) 
wi if q is of type B n (n), 

where roi and roi are the fundamental weights of ai = £i — £2 and aj+i = Sj+i — £j+2, respectively. 
As [ n7 acts trivially on both ty and 3(11), the highest weight v for a constituent ^(V) C l 7 <8>3(n) is 
of the form 

i-l 

(6.14) 1/ = ^^njWj for nj G Z>o- 

i=i 

If there exists /3 £ A(g(l)) so that v = {1 + /3 then (16.13P and (16.14p imply that /3 = ^ — /i is of the 
form 

^ Uni - l)wi + Y![=2 n 3 w i if 1 is of tyP e B n(i) i + n, C n (i), or D n (i) 

y (ni - l)wi + Y?j=2 n j w j ^ 9 is of *yP e S n(™) 

for nj S Z>o- On the other hand, we observed that the root /3 must be one of the forms in (16. lip . 
Then observation shows that if /3 satisfies both ()6.11j) and ()6. 15j) then (3 must be 

\wi-wi or (— wi + W2) — m\ if q is of type B n (i) i ^ n, C n (i), or D n (i) 

I wi or (—mi + m2) if q is of type B n (n). 

Therefore v = [i -\- (3 \s v = 2m% or m2, which shows that v = 2ei or Ei + E2- As £ 7 = Ei — Ei for q of 
type B n (i), C n (i), or D n (i), Theorem 16 . 3 1 shows that both V(2ei) and V(ei +£2) occur in l 7 <8>3(n). 
Now the assertions follow from the fact that the highest root 7 of g is 7 = Ei + E2 if Q is of type B n 
or D n , and 7 = 2ei if g is of type C n . □ 

If g is an exceptional algebra then the parabolic subalgebras q under consideration are 
(6.16) E e (3), E & (5), E 7 (2),£ 7 (6),£ 8 (1), and F 4 (4). 

Lemma 6.17. If q is of exceptional type as in \6.16\) then V(^ + 70) in Theorem Iff. 31 is a special 
constituent. 

Proof. This is done by a direct computation. The roots e 7 in A(g(l)) so that £ 7 + 70 = fj. + e 7 are 
given in Table [5] below. □ 

Proposition 6.18. There exists a unique special constituent in L ®3(n). 
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Proof. If q is of classical type then this proposition follows from Proposition 16.121 For q of excep- 
tional type, by Theorem 16.31 the tensor product l 7 <8>3(n) decomposes into 



with 70 E A(n) as in Theorem 16.31 Then Lemma [6.101 and Lemma 16.171 show that V(£ 7 +7o) is the 



Since the weight e £ A(g(l)) so that [i + e is the highest weight of a special constituent will play 
a role later, we introduce the notation related to e. 

Definition 6.19. We denote by e 7 the root contributing to g(l) so that V(p + e 7 ) is the special 
constituent o/ty(8>3(n). Similarly, we denote by e n7 i/ie rooi/org(l) so thatV(fi + e n ^) = l n7 <g>3(n). 

We summarize data on the special constituents in Table [21 Table El Table [H and Table [5] below. 
A dash indicates that no special constituent of the type exists for the case. 

By Proposition 16. 8[ only special constituents could contribute to the construction of the 
systems. Next we want to show that T2\y* ^ when V is a special constituent. An observation 
on the highest weights for the special constituents will simplify the argument. We classify them by 
their highest weights and call them type la, type lb, type 2, and type 3. 

Definition 6.20. Let /i be the highest weight for g(l), and let e = e 7 or e = e n7 . (See Definition 
\6.19[ ) We say that a special constituent V(pi + e) of [(g) j(n) is of 

(1) type la if n + e is not a root with \i and both [i and e are long roots, 

(2) type lb if fi + e is not a root with e / ^ and either fi or e is a short root, 

(3) type 2 if fi + e = 2fi is not a root, or 

(4) type 3 if fi + e is a root. 

Table [6] summarizes the types of special constituents for each parabolic subaglebra q. One may 
want to observe that almost all the special constituents are of type la. We regard any roots as 
long roots, when g is simply laced. A dash indicates that no special constituent of the type exists 
in the case. 

Remark 6.21. It is observed from Table\4\ and Table\Bthat we have \x ± e ^ A, unless V(fi + e) is 
of type 3. In particular, if V(fi + e) is of type la then (fi, e) = 0. 

Remark 6.22. Tabled shows that when V(/j, + e) is a special constituent of type la, q is of type 



Bn(i) (3 <i <n — 1), D n (i), Eq(3), Eq(5), E~j(2), -EV(6) ; or Eg(l). The data in AppendixlA\ shows 



iy ® a(n) = ^(£ 7 + 7) e viri) e + 7o ) 



unique special constituent. 



□ 



Table 2. Highest Weights for Special Constituents (Classical Cases) 



Type V^ + e^ 



V(fi + e W7 ) 



B n (i), 3<i<n-2 2e x 



£1 + £2 + + e«+2 
£1 + £2 + e n 



B n (n - 1) 2ei 



B n {n) 2ei 
C n (i), 2 < i < n - 1 £1 + ^2 
E> n {i)^ 3 < i < n — 3 2e x 



2ei + 2e t+l 

E\ + E2+ Si+l + Si+2 
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Type VXt±±±r) 

Eq(3) a\ + 2a2 + 203 + 4a 4 + 305 + 2a 6 

Eq(5) 2ai + 2a2 + 3a3 + 4a 4 + 2a$ + «6 

E 7 (2) 2ai + 2a 2 + 4a 3 + 5a 4 + 4a 5 + 3a 6 + 2a 7 
Ej(6) 2a\ + 3«2 + 4«3 + 6a 4 + 4«5 + 2«6 + 07 
E^l) 2ai + 4«2 + 5«3 + 8a 4 + 7a^ + 6a6 + 4a 7 + 2a§ 

F 4 (4) 2ai + 4a 2 + 6a 3 + 2a 4 

Type V(j± + e n7 ) 

£7,6(3) 2ai + 2«2 + 2a 3 + 3a 4 + 2as + ocq 

Eq{5) a\ + 2a2 + 2a 3 + 3a 4 + 2as + 2«6 

£ 7 (2) 

£7(6) 2a\ + 2a2 + 3«3 + 4a 4 + 3as + 2a§ + 2a 7 
£ 8 (1) 

£4(4) - 



Table 4. The Roots fi, e 7 , and e n7 (Classical Cases) 



Type 




A* 


e 7 


£717 


B n (i), 3 < i < n — 


2 


£1 + £i+l 


£l — £j+l 


£2 + £«+2 


B n (n - 1) 




£l + £n 


^1 — £n 


£2 


S„(n) 










C n (i), 2<i<n- 


1 


^1 + £i+l 


^2 — £j+l 


£1 + £«+l 


D n (i), 3 < i < n — 


3 


£1 + 


£1 — 


£2 + £j+2 



that when q is of type B n (i) for 3 < i < n — 1, the simple root = e, — i/iai parametrizes q 
zs a Zon<? rooi and that the set A(j(n)) contains solely long roots. Since we regard any roots as long 
roots for q simply laced, it follows that when V(fj, + e) is of type la, the simple root a q and any root 
7j € A(3(n)) are all long roots. 

6.3. Computations for Structure Constants. For the rest of this section, we collect technical 
results on the special constituents and structure constatnts, so that certain arguments will go 
smoothly when we find the special values for the O2 systems. The root vectors X a and the structure 
constants N a g are normalized as in Section [5j 

Lemma 6.23. LetV(fJ,+e) be a special constituent l®$(n) of type la, and a € A + (l). Ife + a G A 
then \x — a € A. 

Proof. We show that (/i, a) > 0. Since /x + e is the highest weight of an irreducible [-module, it is 
A([)-dominant. Thus, 

(6.24) {n + e,a) = {n,a) + {e,a)>0. 

Observe that, as fx + e is of type la, e is a long root of q. Since a + e is assumed to be a root, 
Lemma 14.151 implies that (a, e v ) = —1; in particular, (e, a) < 0. Now, by (I6.24I) . we have 

(fi, a) > — (e, a) > 0. 

□ 
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Table 5. The Roots fi, e 7 , and e„ 7 (Exceptional Cases) 



Type 




E 6 (3) 


«1 + «2 + «3 + 2«4 + 2a 5 + CK6 


#6 (5) 


«1 + «2 + 2«3 + 2«4 + «5 + «6 


E 7 {2) 


«1 + «2 + 2«3 + 3«4 + 3«5 + 2tt6 + Ct 7 


E 7 (6) 


ax + 2«2 + 2«3 + 3«4 + 2«5 + «6 + a 7 


E 8 (l) 


ai + 3«2 + 3«3 + 5«4 + 4a5 + 3a6 + 2ct7 + a$ 


F 4 (4) 


a.\ + 2«2 + 3«3 + «4 


Type 


e 7 


£e(3) 


«2 + "3 + 2tt4 + «5 + «6 


#6 (5) 


ai + «2 + «3 + 2«4 + «5 


F 7 (2) 


Oi\ + «2 + 2«3 + 2«4 + «5 + «g + 07 


F 7 (6) 


«1 + «2 + 2«3 + 3«4 + 2«5 + O.Q 


^s(l) 


01+02 + 2«3 + 3«4 + 3«5 + 3a6 + 2«7 + ag 


F 4 (4) 


a\ + 2a2 + 3«3 + «4 


Type 




F 6 (3) 


Oil + «2 + «3 + «4 


F 6 (5) 


«2 + «4 + «5 + "6 


E 7 {2) 




E 7 (6) 


«1 + «3 + «4 + «5 + «6 + OL-j 


EbO) 




F 4 (4) 





Table 6. Types of Special Constituents 



Type 




F(/x + e 7 ) 


V(ti + e n7 ) 


B n (i), 3 < i < n — 


2 


Type la 


Type la 


B„(n-1) 




Type la 


Type lb 


fl n (n) 




Type 2 




C n (i), 2 < i < n- 


1 


Type 3 


Type 2 


D n (i), 3 < i < n — 


3 


Type la 


Type la 


£ 6 (3) 




Type la 


Type la 


E 6 (5) 




Type la 


Type la 


E 7 (2) 




Type la 




E 7 (6) 




Type la 


Type la 


E 8 {1) 




Type la 




F 4 (4) 




Type 2 





Lemma 6.25. Let V(fi + e) be a special constituent of [(g) ^(n) of type la. If a £ A + (l) with 
a + e € A then, for all jj G A(3(n)) ; we have 

ad(X M )ad(X a+e )X_ 7 . = 0. 

Proof. If (a + e) — 7j ^ A then there is nothing to prove. So we assume that (a + e) — 7j 6 A and 
/x + (a + e) — 7j G A. Since /i + e is assumed to be of type la, the root [i is long. Lemma f4. 151 then 
implies that 

(6.26) ((a + e)- 7i) // v ) = -l. 
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By Remark 16.21} we have (e, /i v ) = 0. Thus ()6.26p becomes 
(6.27) (a, fJ y )-( 7j , fJ y) = -l. 

Since \i is the highest weight for 0(1), 7j E A(j(n)), and a E A + (I), neither \i + a nor 77 + /i is a 
root. Then, as /i is a long root, (16. 27ft holds if and only if (a, /i v ) = and (7j,/U v ) = 1. On the 
other hand, since a + e is a root by hypothesis and by Lemma [6.231 \x — a is a root. In particular, by 
Lemma 14.151 (a,/i v ) = 1. Now we have (a, /z v ) = 1 and (a,/i v ) = 0, which is a contradiction. □ 



For any ad(f))-invariant subspace W C Q and any weight v E f)*, we write 

A„(W0 = {a E A(W) I 1/ - a € A}. 

In Section [?l we will construct the fi2|y(M+e)* systems and find their special values, when V(pL + e) 
is of either type la or type 2. When we do so, the roots /3 E A A1+e (g(l)) and 77 E A A1+e (3(n)) will 
play a role. Therefore, for the rest of this section, we shall show several technical results about 
those roots, so that certain argument will become simple. 

First of all, we need check that A At+(E (g(l)) and A M+e (3(n)) are not empty. It is clear that 
A /i+(E (0(l)) 7^ 0, since /i, e E A /J+e (g(l)). Moreover, Lemma f6.28l below shows that when V(/x + e) 
is of type 2, we have A (U+e (g(l)) = {//}. 

Lemma 6.28. // V(// + e) is a special constituent of I ® 3(n) 0/ type I? £/ien A M+e (g(l)) = {/i}. 

Proof. First we claim that /x has the maximum height among the roots (3 E A (f)(1)). As g(l) is the 
irreducible L-module with highest weight fj,, any root (3 E A(g(l)) is of the form (3 = fj,— ^oen(i) n « a 
with no, E Z>o- Then if ht(/i) and ht(/3) denote the heights of /x and /3, respectively, then 

ht(/x) = ht(/3) + ^ n a > ht(/3). 
«en(0 

Now as V(/jl + e) is of type 2, by definition, we have \i + e = 2/i. If /3 E A2 M (g(l)) then 2/i — j3 E 
A(g(l)). In particular, the height ht(2/i — /?) satisfies ht(/i) > ht(2/x — /3). If /? = /j — X)oeii(i) naQ; 
with n a E Z>o then 

ht(/i) > ht(2/i - /3) = 2ht(/x) - ht(/3) = ht(p) + ^ n a . 

aen(i) 

This forces that ^aen(t) n a = 0- Therefore /3 = \i. □ 
Lemma 6.29. If V(fJ, + e) is a special constituent of I <8> 3(n) then A M+e (3(n)) 7^ 0. 
Proof. Observe that the highest weight /x + e of V(/i + e) C I <S> 3 (n) must be of the form 

' ' "\^ 7 + 7" if V(fi + e) = ^ ® 3(n) 

for some 7', 7" E A(3(n)), where £ 7 and £„ 7 are the highest weights for Ly and t„ 7 , respectively. 
Then we have 7', 7" E A M+e (3(n)). □ 

The following simple technical lemma will simplify an argument in later proofs. 
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Lemma 6.30. Let a, (3,5 G A with a, j3 ^ 8. If a + j3 £ A and a + /3 — 5 G A then the following 
hold: 

(1) a - 5, /3 - 6 G A, and 

(2) Np ja _ s N a _ s = N a ^_ 5 N^_s. 

Proof. These simply follow from the structure of the complex simple Lie algebras. □ 

Lemma 6.31. Let W be any ad(\j) -invariant subspace of q with the condition A fl+e (W)\{fi, e} ^ 
0. If V(fi + e) is a special constituent of I ® 3(11) of type la, type lb, or type 2 then, for any 
5 G A At+£ (W)\{/i, e}, we have 5 — fi, 5 — e G A. 

Proof. If V(fj, + e) is of type la, type lb, or type 2 then, by definition, \i + e is not a root. Then 
this lemma simply follows from Lemma 16.301 □ 

Remark 6.32. A direct observation shows that ifV(n + e) is a special constituent of type la then 
A M+e ( (l))\{ M ,e}^0. 

Lemma 6.33. IfV(fJ,+e) is a special constituent ofl<g>$(n) of type la then, for any a G A At+e (g(l)) 
and any 7, G An +e ($(n)), we have jj — a G A. 

Proof. By Lemma [6.301 we have jj — /x, 7_j — e G A. So, let a ^= (j,,e. We show that (7/, a) > 0. 
Observe that since a G A(g(l)) and 7^ G A(3(n)), we have jj + a ^ A. Thus (7/, a) > 0. Since 
a G A At+£ (g(l))\{/i, e} and 7j G A M+e (3(n)), by Lemma [6.311 we have fi — a, e — 7^ G A. Then 
we first claim that if (7^, a) = then (// — a) + (e — 7^) G A. Since V(fj, + e) is assumed to be of 
type la, both fi and e are long roots. Thus, by Lemma T4.15I (7j,/« v ) = (a,e v ) = 1; in particular, 
('jjyfj,), (a, e) > 0. By Remark 16. 211 we have (/x, e) = 0. Then, 

(H-a,e- 7j) = -(/U,7j) - (a,e) < 0. 

Therefore, as /i — a, e — 7j G A, it follows that (// — q) + (e — 77) G A. On the other hand, since 
(fi, e) = and (7^, a) is assumed to be 0, we have 

||( M - a ) + ( e - 7i )|| 2 

= I H | 2 + ||a|| 2 + ||e|| 2 + l^^ll 2 - 2(a,fi) - 2{a,e) - 2( 7i ,/i) - 2( 7i ,e). 

For v = Q!,7j and £ = /x, e, by Lemma [4. 151 we have (v,C V ) = 2{y, O/llCll 2 = 1, as /i and e are long 
roots. Therefore, 2(z/, £) = ||CI| 2 > an d so, 

||(^-a) + (6-7i)|| 2 = IH| 2 + ||7,l| 2 -HH| 2 -|H| 2 - 

Since and e are assumed to be long roots, this shows that ||(/i — a) + (e — 7j)|| 2 < 0, which 
contradicts that (/i — a) + (e — 77) is a root. Hence, (77, a) > 0. □ 

Lemma 6.34. 7/ V(// + e) is a special constituent of I ® 3(n) 0/ iype ia or iype 2 i/ien, /or any 
7j G A M+e (3(n)) ; 

V £ (g(l))cA 7j ( S (l)). 
In particular, A 7j (g(l)) ^ /or any 7, G A At+£ (a(n)). 
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Proof. It is clear that the type la case follows from Lemma 16.331 The type 2 case follows from 
Lemma 16.281 and Lemma 16.311 □ 

If V(fj, + e) is a special constituent of [ ® j(n) then, for /3 G A, we write 

0(/3) = (// + e)-/3. 

Lemma 6.35. If V([i + e) is a special constituent of I (g) 3(11) 0/ iype or type 2 then, for any 
7j e A M+e(a(n)), 

A, (7j) (0(l))^0. 

Proof. This simply follows from Lemma 16.301 □ 
Lemma 6.36. IfV(fi + e) is a special constituent of type la or type 2 then 

7 i eA M+e ( a (n)) 

where N a » are the structure constants for a,f3 G A defined in Section^ 
Proof. It follows from the normalization (H7) in Section [5] that 



and 



<? e _ 7j (l +p 6> _ 7i ) 2 



In particular, by (|5.ip in Section [5l A^ t)£ _ 7 .A^_ jU> ~._ e < and iV ej _ 7 .iV_ ej7 . < 0. By Lemma 16.291 
and Lemma [6.311 A M+e (3(n)) 7^ and 7-,- — e G A for any 7j G A M+(E (3(n)). Therefore, for all 
7j G A^+^n)), we have 



Ar Mje _ 7 .iV_^_ e iV e _ 7 .iV_ e>7 . > 0. 



□ 



Lemma 6.37. IfV(fj, + e) is a special constituent of type la or type 2 then, for any a G A^ +(: (g(l)) 
and any jj G A M+(: (3(n)) ; we have the following: 

(1) [X- 7j ,X a -tj] = [Xg^.^Xa-fj] = 0. 

(2) iV M _ 7iiC( _ /U iV_( M _ 73 .) _( a _ M ) = — M 2 7j • 

(3) Na-^N-e^j^ = A r 6l(a)- 7j ^ r -e(7 J ),a- 

Proof. To prove (1), we show that — 7,- + a — /i and 0(7j) + a — /U are neither zero nor roots. First 
of all, if — 7j + a — /i = then 7^ = fj, — a G A (I), which contradicts that jj G A(3(n)). Next, if 
#(77) + a — ^/ = then since 0(7j) + a — /i = e + a — 77, we would have a + e = 7j G A. On the 
other hand, as V(fi + e) is assumed to be of type la, e is a long root. As a G A At+e (g(l))\{//, e}, 
by Lemma l6.31| we have a — e G A. Then, by Lemma 14.151 it follows that a + e G" A, which is a 
contradiction. To show jj + a — fi is not a root, observe that, by Lemma 14.151 we have 

(-7j + a - fi, /i v ) = -1 + 1 - 2 = -2. 

Thus, if — 7j + a — /i G A then (— 7j + a — /i) + 2// would be a root. However, since is a long 
root, it is impossible. The fact that 9{^j) + a — /i ^ A can be shown in a similar manner. 
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By the normalization (H7) in Section [5j to show (2), it suffices to show that p M _ 7i)Q ,_^ = and 
Qfj,~-rj,a-^ = 1- Observe that, by Lemma \Q. 331 (a — (jl) + (pi — jj) = 7y — a is a root. As V(n + e) 
is assumed to be of type la, /* is a long root. By Remark \6.22\ the root jj is also a long root. 
Therefore pi — jj is a long root. Now the proposed equality follows from Lemma 14.151 

To show (3), observe that, by the normalization (H3) in Section [5j we have K,(X a ,X_ a ) = 1 for 
all a G A. Thus, N_ e{l]))d{a) = K([X_ 6 ^) t , X e{a) ), X a ^ ). Then, we have 

= T7 K ([ X -l 3 i [ X -9( 7j ), X 6(a)]}, X a)- 

Since V(fi + e) is assumed to be of type la or type 2, we have (— 7j) + (— 0(7j)) = — (/•* + e) 
A; in particular, [X_ 7j .,X_0( 7 = 0. Thus, by the Jacobi identity, [X_ 7j . , [X_#( 7 ),Xg( Q )]] = 
[ X -0{-fj)>[ x -7j, x e{a)]]- Hence, 

N -e(-yj),9(a) = T7 K ([^-7j' [^-6»( 7j )^0(a)]])^a) 

* *Q!,— 7j 
1 

(6.38) = — iv_ 0(73 . )!0(a) _ 73 .i\r_ 7j)0(a ). 

1 v a,— 7j 

By the normalization (H6), we have iV_ ( 7j ) i0 ( Q )_ 7j = -JVL.^)^. Since N^.^ = -N e ^ _ 7j , it 
follows from (|6.38|) that 



^ r Q,-7 J ^ r -6»(7 3 ),6l(a) = N-9('yj),0(<x)-7jN—Yj,0(<x) = N e{a),- 1 j N -e{y ] ),a- 



□ 



Lemma 6.39. IfV(pi + e) is a special constituent of type la then, for any a £ A„ +e (g(l))\{/x, e} 
and any 7j € A M+e (3(n)) ; we /lave i/ie following: 

(1) Na-^Np-a = N^-yjNa-^n-yj, and 

(2) N -6( 7j ),e(a) N -e(a)Mri = ^-0( 7 j),*M^-(A*-7i),-(a-/*)- 

Proof. It follows from Lemma [6.311 that a— /u £ A. Therefore, we have X a = (l/N a -u „)[X a _ At , XJ. 
Now the assertion (1) follows from the Jacobi identity and the normalization (H6) with Lemma 
16.331 and Lemma 16.371 (1). The assertion (2) can be shown similarly. □ 

Lemma 6.40. Let q be a two-step nilpotent parabolic subalgebra of non-Heisenberg type, listed in 
or ft4-10 )i an d a q be the simple root that parametrizes the parabolic subalgebra q. IfV(pi + e) 
is a special constituent of type la then, for any a £ A /t+e (g(l))\{^, e} and any jj € A M+e (j(n)), 

II 1 1 2 

I 6 - 41 ) N a -7 J Ar M-" Ar -e(7 3 ),e( Q ) Ar -e( a ),e( At ) = Ar M)£ _ 7j iv e _ 7j — - — . 

Proof. By Lemma 16.391 we have 

-7 J ^-a Ar -e(7 J ),e(a)^ r -e(a),e(/ t ) = Ar M-7 J Ar a-M,M-7j Ar -9(7j),e(M) Ar -(^-7 J ) ,-(«-*0 

= ^i,^^-e(7j).e(A*)^^^M-7j JV -0*-7i).-(a-M) 

/v /v HM-7ill 2 

- ^,-7^-0(7;),^) o ' 



CONFORMALLY INVARIANT SYSTEMS OF DIFFERENTIAL OPERATORS 



33 



Note that Lemma 16.371 (2) is applied from line two to line three. Since —0(jj) + + (jJt — 7j) = 
with 9{fj) = (fj, + e) — \i = e, by the normalization (H6), we have ^V_0(7 3 -),0(ju) = N^-^.. By Lemma 
16.301 with a = fj,, f3 = e, and 6 = 7j, it follows that N^^N^-y. = JV^ )e _~.JV e) _ 7 .. Therefore, 

Remark 16.221 shows that 7j and a q are long roots, when V(/t + e) is of type la. Since \i is assumed 
to be a long root, the root fj, — jj is a long root. Thus ||^ — 7j|| 2 = ||aq|| 2 . Hence, 

||// — 7j|| 2 



2 



2 



□ 



7. The f2 2 Systems 



We continue with q = [ g(l) © ^(n) a maximal two-step nilpotent parabolic subalgebra of non- 
Heisenberg type, listed in (|4.9p or (|4.10p . In this section, by using the preliminary results from 
Section [61 we shall determine the complex parameter s 2 £ C for the line bundle C s so that the f2 2 
systems are conformally invariant on C S2 . This is done in Theorem 17. 161 

7.1. Covariant Map r 2 . As we have observed in Subsection 13.11 to construct the f2 2 |y* system, 
we use the covariant map r 2 and the associated L-intertwining operator r 2 |y*, where V* is an 
irreducible constituents of [* <S>3(n)* = 0(0)* <g> 0(2)*. We first show that the covariant map r 2 is 
not identically zero, and also that the L- intertwining operators r 2 |y* are n °t identically zero for 
certain irreducible constituents V. We keep using the normalizations from Section [5j 
We start by showing that r 2 is not identically zero. The covariant map r 2 is given by 

r 2 : 0(1) ->■ [®j(n) 

I^i ad(X) 2 u 

with oj = ^ 7j6 A(3(n)) X—yj ® The following technical lemma will make a certain argument 

simpler in later proofs. 

Lemma 7.1. IfV(fi + e) is a special constituent of type la or type 2 then 
(7.2) r 2 (X fl + X e ) = a^ e ad(X M ) ad(X e ) cj, 

where a^ j£ = 1 + 8^ e with (L e i/ie Kronecker delta. 



Proof. It is clear that (|7.2p holds if /i + e is of type 2. Indeed, if e = /u then we have 

r 2 (2A^) = 4r 2 (X M ) = 2ad(A^) 2 u;. 

If /i + e is of type la then, by definition, \x + e ^ A and both /x and e are long roots. Thus, in 
the case, ad(X M ) ad(X e ) = ad(X e ) ad(X^). Moreover, by Lemma T4.15I we have sA(X ll ) 2 X-y j = 
ad(X e ) 2 X_ 7j . = for any jj € A(j(n)). Hence, 

t 2 (X^ + X e ) = (l/2)(2 ad(X M ) ad(J*Q) w = ad(X M ) ad(X £ ) uj. 
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□ 

Proposition 7.3. Let q be a maximal two-step nilpotent parabolic subalgebra of non-Heisenberg 
type listed in \4-^ or {4-10). Then the covariant map T2 is not identically zero. 

Proof. To prove that r 2 is not identically zero, it suffices to show that there exists a vector X G g(l) 
so that T2(X) ^ 0. Observe that, for each q under consideration, I <g> 3(n) has at least one special 
constituent V(fi + e) of type la or type 2 (see Table[6]in Subsection 16. 2p . Therefore, A(g(l)) always 
contains a root e so that V(pL + e) is such a special constituent. Then, to prove this proposition, 
we show that T2(X M + X e ) ^ 0, where X^ and X t are root vectors for fj, and e, respectively, with 
\i + e the highest weight for a special constituent of type la or type 2. 

Let \x + e be the highest weight of a special constituent of type la or type 2. By Lemma I7TT1 we 
have 

T2{X fJl + X e ) = a M)€ ad(X M ) &d(X t ) to = a M>e 

ad(X M ) ad(X) X_ 7j . ® Xy. 

7j6A(3(n)) 

with a^e = 1 + S^ e . If there were a root 7j G A(3(n)) such that e — 7j = — then /i + e = 7j G A, 
which contradicts the assumption that /i + e is of type la or type 2. By Lemma l6.3H if [i+e—jj G A 
then e — 7y G A. Then, for all 7,- G A (3(11)), 

N^e-^N^-^Xp+e-^ if /x + e - 7j G A 
otherwise. 



ad(X M ) ad(X) X_ 7 . 
Therefore, we have 



r 2 (X M + X e ) = a Mi£ ad (^) ad (^e) X_ 7 . ® X 1} 

Tj£A6(n)) 

= a H,e Yl ^H,e-^jN e ^- 1:j X^ +e ^ 1:j ® X ly 

7j GA M+£ ( 3 (n)) 

Since {X^ +e _ 7 . ®Xy. | 7^ G A /i+e (3(n))} is a linearly independent set, this shows that T2(X At +X € ) ^ 
0. □ 



Next we identify irreducible constituent V{y)* so that T2\v{y)* ls n °t identically zero. In Sub- 
section (3TTJ we observed that, given an irreducible constituent V(u)*, the L-intertwining operator 
G Homz / (F(i/)*,7 :,2 (g(l))) is given by 

(7-4) f2\ v{u y(Y*)(X) = Y*{T2(X)), 

where V 2 (g(l)) is the space of polynomials on g(l) of degree 2. By Proposition 16.81 we know that if 
t~2\v(v)* i s n °t identically zero then V{y) is a special constituent of [<8>3(n). We now show that the 
converse of Proposition 16.81 also holds for special constituents V{y) of type la or type 2. If I G L 
and Z G [ then we denote the action of the group and its Lie algebra on X a <g> X 7j by I ■ (X Q ® X 7 . ) 
and Z • (X a <g> X 7j ) , respectively. 

Proposition 7.5. // V(/x + e) is a special constituent of I <g> 3(11) 0/ iype ia or type 2 then the 
following hold: 

(1) The vector T2(X^ + X e ) is a highest weight vector for V(fx + e). 



CONFORMALLY INVARIANT SYSTEMS OF DIFFERENTIAL OPERATORS 



35 



(2) The L -intertwining operator tyvu+e)* ^ s n °t identically zero. 

Proof. We have shown that in the proof for Proposition 17.31 that T 2 {Xn + X e ) ^ 0. Moreover, 
Lemma 17. II gives that T2{X fl + X e ) = a^ )(E ad(A^) ad(X e )a; with a M)(E = 1 + <5 M)(E . For I G L, we have 
I ■ uj = uj (see Corollary 13, 2p and so 

I ■ r 2 (X M + X e ) = a M , e ad(Ad(0X M ) ad(Ad(/)X e ) uj. 

By replacing / by exp(iZ) with Z G [, differentiating, and setting t = 0, we obtain 

(7.6) Z • r 2 {X il + X e ) = a M , e (ad([Z, ad(X e ) + ad(A^) ad([Z, X £ ])) w. 

In particular, if Z = H G f) in (j7.6|) then 

H • r 2 (X /t + X e ) = Gu + e)( J ff)r 2 (X /t + X e ). 

Therefore T2(X„ + X € ) is a weight vector with weight /x + e. To show that t 2 (A^ + X € ) is a highest 
weight vector, we replace Z in (|7.6p by X a with a G A + (f). Since \i is the highest weight for 0(1), 
we have 

X a ■ t 2 {X i1 + X e ) = a^ e ad(X M ) ad([X a , X e \) uj. 

If n + e is of type 2 then, as e = (jl in the case, clearly X Q • t 2 {X ijl + X e ) = 0. The case that fi + e is 
of type la follows from Lemma 16.251 

To prove the second statement, it is enough to show that there exist Y* G V(fi + e)* and X G g(l) 
so that T2(Y*)(X) / 0. Let Yf be a lowest weight vector for V(fi + e)*. Observe that if Y h is a 
highest weight vector for V(fi + e) then Y^iYh) ^ 0. Since T2{X fJi + X e ) is a highest weight vector 
for V(fi + e), we have 

f 2 |y( M+e )*(YT)(^ + x 6 ) = yr(r 2 (x /t + X 6 )) # 0. 

□ 

7.2. The Fl2\v(n+e)* Systems. Proposition 17.51 shows that the L-intertwining operator T2\v(n+e)* 
is not identically zero, when V(fj, + e) is a special constituent of [ ® j(n) of type la or type 2. We 
thus construct the ^Iv^+e)* system corresponding to irreducible constituents V(fi + e) of type la 
or type 2. Here it may be helpful to recall some notation introduced in Subsection 16.31 For any 
ad(f))-invariant subspace W C Q and any weight u G 1)*, we write 

A„(W) = {a G A(W) | i/ - a G A}. 

When V{n + e) is a special constituent of I <8> 3(n), we write 

W = (// + £)-/3. 

As indicated in Subsection 13. 1\ the L-intertwining operator f 2 \v(fj,+e)* yields a system of differen- 
tial operators. We have denoted such operators by Q%(Y*) = H^lvfu+e)* (¥*) with Y* G V((j, + e)*, 
where ^IvXm+O* '■ V(fi + e)* — > B>(C s ) n is W([)-equivariant. Because of such equivariance, the 
system is totally determined, once $7 2 (Y^*) is constructed, where Y,* is a lowest weight vector in 
VQi + e)*. 



36 TOSHIHISA KUBO 

The first step is to explicitly describe Y* £ V(jx + e)*. Observe that we have a non-zero map 

f 2 : g(-l) ->■ t®3(n) 

X M. i a d(X) 2 cD 

with Co = S 7t GA(3(n)) -^7* ®X^ lt . One checks, as in the proofs for Lemma [33] and Proposition 17,31 
that T2 is a non-zero L-equivariant map. Moreover, if V(fj, + e) is a special constituent of type la 
or type 2 then 

f 2 (X^ + X_ e ) = a M>e ad(X_ M ) ad(X_ £ ) 

with a Mj£ = 1 + 5 M)(E . Arguing as in Proposition 17.51 we can show that f2(X_^ + X_ e ) is a lowest 
weight vector for V(fj, + e)* with lowest weight — fi — e. Thus, 

(7.7) Y? = ad(X_>d(X_ e )o) = £ N^^ e N^ t X_g M X^ t 

7«eA M+e (3(n)) 

is a lowest weight vector for V(^l + e)*. Observe that, by Lemma 16.311 we have 74 — e G A for 
7t G A M+e (3(tt)). Then, by (EZD, we have 

Y{ (r 2 (X)) = l - Yl iV-^-eiV- e , 7 ^(^( 7t ),ad(X) 2 X_ 7j .) K (^ 7t ,X 7j .) 

7 igA M+c ( 3 (n)) 
7j gA( 3 (n)) 

(7.8) =\ N^ t _ t N^MX-e M ^d(X) 2 X_ lt ). 

7t6A f4+e ( 3 (n)) 



Write X = ^eA^i)) and let 74 G A M+e (3(n)). Then, 

K{X_ e{jt) ,ad{X) 2 X^ t ) = Y VaVpK(X_ e ( 7t) ,[Xp,[X a ,X- Jt }]) 

a,/3GA( (l)) 

Y VaVpK([X_ eM ,Xp],[X a ,X^ t }) 

a,/3eA(g(l)) 

= r /a T ?/3 Ar a-7 t A r -6»(7 t ), / 3 K (^/3-e( 7t ),^Q-7t)- 
aeA 7t ( (l)) 
/3GA e(7t) (g(l)) 

Observe that, by Lemma [6.341 and Lemma 16.351 the sets A 7t (g(l)) and A#( 7t )(g(l)) are non-empty. 
By the normalization (H3) in Section [5j if «;(Xg_0( 7t ), X a _ 7t ) 7^ then /3 — #(74) = 7t — q. Thus 
^(X^.g^), X a _ 7t ) = unless /3 = (fi + e) — a = 9(a). Therefore, 

K{X-e{ lt ),^{X) 2 X- lt ) = Y riar]pN a ^ lt N_ e ^ t)fi K(Xp_ eM ,X a - lt ) 

aeA 7t ( g (i)) 

/3eA fl(7t) (g(l)) 

= Y N a,-yt N -8(y t ),8{a) r larie{a) 

aeA 7t (g(l))nA M+£ (g(l)) 

(7.9) = N a ^ t N_ eMAa) K(X,X- a )K(X,X_ e{a) ). 

aeA M+E ( (l)) 
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Lemma T6.34I is used in line three to show that A 7t (f)(1)) PI A At+£ (g(l)) = A M + e (f|(l)). Hence, by 
m and dm f 2 | y(M+e) ,(^*)(X) = yf(r 2 (X)) is 

^ivoH- e )*(ir)w 

= 2 ^ (^-M,7t-^-^m)( iV c e -7t Ar -e(7i),e(a))« ; (^^-a) K (^^-e( Q ))- 

aGA M+E (g(l)) 
7t 6A, t+6 (3(n)) 

Now, via the composition of maps 

V(ja + e)* f2 ' V 4 +E) * V 2 (q(1)) Sym 2 ( (-1)) 4 Z/(n) 4 B(£ s ) fi , 
for YJ* £ l/(/i + e)*, the second-order differential operator f2 2 (y ; *) G B(£ s ) n is given by 

^07) = 7^ E (^M,7 t -e^e, 7t )(^a,- 7t iV- e ( 7t ), e (a)) r J R(^-a)ii(X_, (a) )^ 

QGA M+e ( (l)) 
7t eA M+£ ( 3 (n)) 

where r a6 n = (1/2) (ah + ba). By Lemma 16.371 (3), no symmetrization is needed. Therefore we 
obtain 

(7.10) 2 (YH = \ £ (iV_ Mi7t _ e iV_ e , 7t )(iV Qi _ 7t iV^ e(7t)ie(Q) )i?(X_ Q )i?(X_, (a) ). 

aeA M+e (g(i)) 
7t eA M+e ( 3 (n)) 

7.3. Special Values of the 1 v(Ai+e)* Systems. Now we determine the special values of the 
line bundle C s for which the ^2|v(/i+e)* system is conformally invariant, under the assumption that 
V(fi + e) is a special constituent of type la or type 2. 

Choose a basis {Y*, . . . , Y*} for V(fi + e)*. To show that the list of differential operators ^(Yj*), 
. . ., ri 2 (Y n *) is conformally invariant on the bundle C s , we need to prove that in B(£ s ) n , 

(7.11) [w s (X),n 2 (Y*)] G s P an Coo(i v o) {0 2 (y 1 *) ) . . . ,n 2 (^)} 
for all X G g and all i. By Proposition EJH ([7TTT]) holds if 

(7.12) [7r s (X),fi 2 (}f )]e G span c {fi 2 (y 1 *) e ,--- ,fi 2 (y n *) e } 

holds for all X € f( and all i. Here, for D € B(£ s ), L>fi denotes the linear functional / i— > (D»f)(n) 
for / G C°°(iVo,C xS ). We show that a simplification of ([7712]) implies ([731]) . 

Proposition 7.13. Let V(fj, + e)* be the dual module of a special constituent V(/jl + e) of ( © 3 (tx) 
mi/i respect to the Killing form. Suppose that the operator ^ 2 |y(/i+e)* : V(fi + e)* — > B(£ s ) n is 
non-zero. If Xh is a highest weight vector for g(l) and if we have 

[TT S (x h ),n 2 (YO] e e span c {^ 2 (y 1 *) e , • • • , n 2 (y*) e } 

for a lowest weight vector Y* and a basis {Y/, . . . , Y*} for V(fi + e)* then the 2 |y( At+e ). system is 
a conformally invariant system. 

Proof. By Remark 13.81 the Qk\v(fi,+e)* system satisfies the condition (SI) of Definition 12.31 We 
need to prove that (|7.12p holds for all X € f) = n © I © n. Note that, by definition, we have 
2 (y^) € B(£ s ) s . Hence (|7.12|> holds for X € n trivially. The Lo-equivariance of ^ 2 |y(/i+e)* shows 
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that (|7.12|) holds for let. Furthermore, Lemma 13. 121 established (I7.12D when X G g(l). Now we 
handle the case when X € j(n). 

If X <G 3(n) then, since 3(n) = [g(l),g(l)], it is of the form X = [Xi,X 2 ] for some X\, X 2 € 
Then, by the Jacobi identity, we have 

[7r s (X),n 2 (Y*)] = MX!), [7r s (x 2 ),n 2 (Y*)]] - Mx 2 ), [ 7 r s (x 1 ),o 2 (y/)]]. 

By (|2.9p . we have Tr s (Xj) e = for j = 1,2. It follows from Lemma 13.121 that for j = 1,2 and all i, 
we have 

[^(x^^onie g s P an c {fi 2 (y 1 *) e , . . . , n 2 (y:) e }. 

Therefore, by Lemma 13.91 

[7r s (X),n 2 (Y*)] e = [n s (Xx), [7T s (X 2 ),n 2 (Y*)]]e - [7r s (X 2 ), [ir a (Xi),Sl 2 (Y{)]] e 
e S pan c {n 2 (Y{) e ,...,n 2 (Y k *) e }. 

□ 

Proposition 7.14. If fi is the highest weight for 0(1) and a,/3 € A(g(l)) t/ien 
[n s (X„),R(X„ a )R(X^)] e 

= R^X^X-^X-^ - s\([X^X_ a ])R{X_ p ) e - s\([X^X_p\)R(X_ a ) e . 

Proof. This simply follows by substituting Y = X^, X\ = and X 2 = X-p in Proposition ^. 171 

and evaluating at n = e. □ 

If V(n + e) is a special constituent of [ ® g(n) of type la or type 2 then we write 

(7.15) C(fi,e):= £ N^-^N.^^N^N-^. 

7 t eA„ +e (3(n)) 

By Lemma f6. 361 we have C(//, e) 7^ 0. 

Theorem 7.16. Lei j fc o complex simple Lie algebra and q be a maximal two-step nilpotent 
parabolic subalgebra of non-Heisenberg type, listed in ( f^..9[ ) or \4.lO ). If Yj* is the lowest weight 



vector defined in J 7. 7| j /or f/ie duaZ module V(fi + e)* 0/ a special constituent V(fi + e) 0/ iype ia 
or iype <?j and «/ a q is t/ie simple root that determines q t/ien i/ie following hold: 

(1) // V(//. + e) is of type la then 

(7.17) [7r.(jg,fi2(5?)]e = -^^C(/i,6)( S - S2 ) J R(X_ £ ) e , 

w/itft s 2 = - — — — 1, where | A M+e (g(l))| is £/te number of elements in A A1+e (g(l)). 

(2) // V(// + e) is of type 2 then 



On 



1 2 



(7.18) [7r s (X„),n 2 (Yn]e = - 1L -^C( f i, f j,)(s + l)R(X^) e . 
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Proof. We start by showing that (17.170 holds. It follows from (|7.10p that 
[7r s (X fi ),n 2 (Y l *)]e 

(7-19) = \ (^-M,7*-e^-e,7t)(^,-7t^( 7 0,e(a))k S (^)^(^-a)^(^-e(a))]e. 

aeA M+£ (g(l)) 
7t 6A M+e (3(n)) 

We use Proposition 17. 141 to compute [ir s (X^), R(X_ a )R(X_ ^)] e . This is 
[7T s (X^,R(X_ a )R(X_ e{a) )] e = 

R([[X(j,, X- a ], X_0( a )]) e - sA q ([X M ,X_ a ]) J R(X_g( Qi ))e - sAq([X (U ,X_0( Qi )])i?(X_ a ) e . 

We consider the contributions from each term in (|7.19p . separately. Recall here that, as we defined 
in Section 14.21 our parabolic subalgebra q is parametrized by the simple root a q £ II and that A q 
is the fundamental weight for a q . 

First we study the contribution from the second term. It is 

T2 = -- E (iV_ / , i7t _ e iV_ ei7t )(7V Q - lt N_ eMt9 ^)X q ([X II ,X^ a })R(X_ eia )) e . 
aeA M+£ ( (l)) 

7 tGA M+E (3(n)) 

As g(l) is the 1-eigenspace of &d(H q ) with H q defined in (g3D, the set A(g(l)) is A(fj(l)) = {/3 G 
A | 2(A q ,/3)/||a q || 2 = l}. Therefore, by the normalization (H4) in Section [U for (3 £ A(cj(l)), we 
have \{Hp) = (A q ,/3) = ||a q || 2 /2. Thus, 

(7-20) A q ([A^,X_ a ]) = ^f^6 a>tl 

with 5 a ^ the Kronecker delta. So the contribution from this term is 

T 2 = - g E (^-Mr^-fflK^ ,-7t Ar -e( 7 t),e(a)) A q([^M'^-a])- R (^-e(a))e 

QGA M+6 (g(l)) 
7t6A M+6 (3(n)) 

|2 
*q 1 1 



s a 



! E (A^_ Ati7f _ e A^_ ei7t )(A f M _ 7t A^_ 9 ( 7t ) ie ( M ))i?(X_ 9 ( M )) e 

7t eA M+e ( 3 (n)) 



4 

7t eA A1+E ( 3 (n)) 



E 

N_ e>7t )(N^ 7t N e )fl(*- e ) e - 



We showed in Lemma f6.30l that iV j [ 1| _ 7t iV e)i [ 1 _ 7t = iV /Lt!e _ 7t iV e) _ 7t . Hence, 

II 1 12 

^ = (N^ 7t „ e N^ t )(N^ t N e „)R(X_ e ) e 



TteA M+£ ( 3 (n)) 

E (iV- M , 7t - e iV_ e , 7t )(^ je _ 7t iV e) _ 7t )i?(AC_ e ) f 

7tGA M+E ( i (n)) 



II 1 9 

s||a q || 
4 

7t6A M+e ( 3 (n)) 

e I \rv„ \ 

■ JLl!Lc70x,e)iJ(*_ e 



( A^ e _ 7t AT_ M)7t - e iV e ,_ 7t M e , 7t ) i?(X_ 
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The same argument shows that the contribution from the third term is 



T 3 = ~2 X ( N -H,-yt-eN-e,<y t )( N a ,-yt N -6(~f t ),9(a))\{[X, J ,, X_g( a )])R(X^ a ) e 

aeA M+E ( g (l)) 
7t eA M+£ ( 3 (n)) 

e I \ry„ 1 1^ 

= _A^L C {^e)R(X_ t ) e . 
Now we consider the contribution from the first term. It is 

T i = 2 X ( N -n,-yt-eN- e ^ t )(N a _ 7t JV_ e(7t)i g (Q) )i?([[X M ,X_ Q ],X_ 6 i( Q ,)]) e . 

aeA M+e ( g (l)) 
7i GA M+E ( 3 (n)) 

We claim that if a = e or fj, then [[-X^, X_ a ], X^r a \\ = 0, where 0(a) denotes 6(a) = (li + e) — a. 
If a = e then, by Remark 16,211 [X^, X_ Q ] = [Xn, X- e ] =0. If a = fx then 

[[X M ,X_ M ],X_ e(M) ] = [[X^X^},X^] = e(^)X_ e = 0. 

Note that Remark 16.211 is applied to obtain e(iJu) = (e, /i) = 0. Moreover, by Remark 16.321 we 
have A M+e (g(l))\{//, e} 7^ 0. The contribution from Tj is 

T l = g X (^-M,7t-e^-e,7i)(^a,-7t^-^(7t),e(«))^([[^M'^-a]>^-^(a)])e 
aeA M+e (g(l)) 
7t 6A M+e ( 3 (n)) 

= 2 XI (^-M,7t-e^-e,7t)(^a,-7t^-e(7t),e(a))^([[^)^-a] J ^-0(a)])e 

aeA M+e (g(l))\{ M ,e} 
7t eA M+£ ( 3 (n)) 

= 2 XI ( N ^, Jt ~eN- eat )(N a _ 7t 7V_ 6 ,( 7t)ie ,( Q ,))(A 7 A1 -aN^-a -o( a ))R{X_ € ) e 

aGA^ +e (g(l))\{ M ,e} 
7t eA M+£ ( 3 (n)) 

= X {N-frft-eN-erftKNa --yt N -e(yt),e(a)){^ii ,-aN-6(a),6(jj,))R(X-e)e 

aeA M+£ (g(l))\{ M ,e} 
7t eA M+£ ( 3 (n)) 

= 2 X { N -li,-yt-eN-e,7t)( N a ,-yt N /J. -cx X -9{ lt )fi(a) N -e{a),e{n))R( X -t)e- 

aGA M+e (g(l))\{ M ,e} 
7t GA M+e ( 3 (n)) 

Note that, from line three to line four, we use that N^_ a -oi a ) = ^-B(a),e(n)i as (A* ~~ Q ) + ( — $( a )) + 
#(//) = 0. (See the normalization (H6) in Section 0) By Lemma 16.401 we have 

|[ a ||2 

X a,-yt N ^~a X -e(j t ),e(a) N -e(a),e(ti) = X ^e-y t N e,-yt 7, ■ 
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Therefore, 



T i = 2 E ( N -^nt-^-e at ){N a ^ lt N^ a N_0^ t )^ a )N_ e ^ a ) fi ^ ) )R(X^ t ), 

Q eA A1+£ ( B (l))\{ At ,e} 
7t eA M+£ ( 3 (n)) 

II 1 12 

- E (iV-, t , 7t -eiV- £ , 7 J(^, e - 7 ^e,- 7 J J R(X_ £ ) e 



4 

aeA (1+f ( B (l))\{ ft£ } 
7t GA M+£ ( 3 (n)) 

aeA M+£ ( (l))\{ At ,£} 
7 tGA M+£ ( 3 (n)) 



bnll 2 



4 

Hence, we obtain 



aGA M+£ ( (l))\{ M ,e} 

C( M , e )(|A M+e ( (l))|-2)i?(X_ e ) e 



[^(x At ),o 2 (y / *)] e = T 1 + r 2 + r 3 



^ 1|2 -c(,, e )( s -(^M-i))^_ e ), 



2 

Now we are going to prove the equation (|7.18|) . If V(fi + e) is of type 2 then \i + e = 2/i; in 
particular, = (2/i) — (j, = [i. By Lemma T6.281 A 2M (g(l)) = {/^}. Thus, (|7.10p becomes 

^(X*) = \ E (^-M,7 t -^- e ,7t)(^,-7 t ^(T*)^(a))^(^-a)i?(^( a) ) 

aGA 2M ( (l)) 
7t eA 2fl ( 3 (n)) 

-7t^-6'( 7 i),6'(/i))^(^-M)^(^-6'(M)) 

7teA 2/a (3(n)) 

(7-21) = i E (^,7 f -^-M,7 f )(^,-7^-e (7i )^)«(^) 2 - 

7teA 2M (3(tt)) 

Since (-f(7t)) + M + (M - 7t) = 0, we have iY_ e(7t ) iM = iV M , M - 7t . Thus, 



^ E ( iV -^7 t -^-^7t)( iV M,-7^-e( 7t ),M)^(^-M) 2 
7teA 2M ( 3 (n)) 



7teA 2fl ( 3 (n)) 



(7.22) = -C(jji,h)R(X. ii 



) 2 

2 / / v.- - /'-/ 1- /■ — /'■■/—/'■ /'■—■/-■—/!■ !>■■ •-— H>) 

7tGA 2M ( 3 (n)) 

1 

2* 



Therefore, 



[vr s (^),Q 2 (y;)] e = -c(/^)[7r s (^),i?(x_ M )V 



12 
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It follows from (^20]l that A ( ,([X At , X^]) = ||a q || 2 /2. Then, by Proposition EH with a = /3 = /i, 
we have 

[7r s (X M ),i?(X_^) 2 ] e = X.J,*.^ - 2s\{[X^X^])R(X^) e 

II II 2 

= -niHjRiX.Je - 2s ■ l -^LR(X^) e 
= -(s||a q || 2 + \\fi\\ 2 )R(X^) e . 

Observe that Table [6] in Subsection 16,21 shows that a special constituent of type 2 occurs only when 
q is of type B n (n), type C n (i) or -^4(4). Appendix lAl shows that when q is of these types, we have 
I Ml 2 = ll a ql| 2 - Therefore, 

[ir s (X^),R(X^) 2 } e = -(s\\a q \\ 2 + M\ 2 )R{X^) e = -||a q || 2 (s + l)R(X^) e . 
Hence, we obtain 

Mx M ),ft 2 (i7)] e = l^ lM )[^(x,),E(x_,) 2 ] e 



a 



1 2 



-^C(/i,/x)( S + l)i?(X_ M ) e . 

□ 

To emphasize the fundamental weight A q , we write £(sA q ) for the line bundle C s . Now, by 
combining Proposition 17.131 and Theorem 17.161 we conclude the following. 



Corollary 7.23. Under the same hypotheses in Theorem 7.16, we have: 

(1) If V(n + e)* is of type la then the fl2\v(^+e)* system is conformally invariant on the line 
bundle C{s2\), where S2 is the constant given in Theorem \7.16\ 

(2) If V(fi + e)* is of type 2 then the Q2\v(^+e)* system is conformally invariant on the line 
bundle C{— A q ). 

Proof. This corollary follows from Proposition 17.131 and Theorem 17.161 □ 

As we defined in Definition 16. 191 we denote by V(n + e^) the special constituent of l<S>3(n) so that 
y(/i+e 7 ) C l 7 (S>3(n), and denote by V(fj,+e ni ) the special constituent so that V(fj,+e ni ) = t n 7<8>3(n). 
See Table[6]in Subsection 16.21 for the types of V{^ + e^) and V{fi + e ni ) for each case. Table[7]below 
summarizes the line bundles £(soA q ) on which the 2 systems are conformally invariant. Here, 
a dash indicates that there does not exist the special constituent V(fj, + e n7 ). When q is of type 
B n (n — 1), the special constituent V(fi + e n ^) is of type lb, and when q is of type C n (i), the special 
constituent V(n + e 7 ) is of type 3. Therefore, we put a question mark for these cases in the table. 

Appendix A. Miscellenious Data 

This appendix summarizes the miscellenious data for the maximal two-step nilpotent parabolic 
subalgebras q = [ © g(l) © ^(n) of non-Heisenberg type shown in (|4.9p and (|4,10p in Section HI For 
each case we give the deleted Dynkin diagram of q, the subgraphs for l 7 and [ ra7 , the simple root 
a 7 that is not orthogonal to the highest root for g, the highest weights for g(l) and ^(n), and the 
highest roots for [ 7 and [„ 7 . For the definition for the deleted Dynkin diagram see Subsection 14.11 
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Table 7. Line Bundles with Special Values 



13 



Parabolic subalgebra q 




n 



g|V ' (p,+£n~t)* 



B n (i),3 <i<n-2 
B n (n - 1) 
B n (n) 
C n (i),2 <i<n-l 
D n (i),3 < i < n — 3 
E 6 (3) 

^(5) 
E 7 (2) 
E 7 (6) 

E 8 (l) 
F 4 (4) 



? 

>C(2A 3 ) 
£(2A 5 ) 

£(3A 6 ) 



Subsection 14.21 describes about the subspaces g(l) and 3(n). The definitions for the simple ideals l 7 
and inj of [ are given in Subsection 14.31 For classical algebras the sets of roots contributing to for 
[-modules 3(n), l 7 , and l n7 are given in the standard realization of the roots. 



§B„(i), 3 < i < n - 2 

(1) The deleted Dynkin diagram: 

O . . . O g) O • • • O >Q 

OL\ Q2 Oi m.+l Oin-\ a n 

(2) The subgraph for [ 7 : 

o o o o 

a.\ a 2 a 3 

(3) The subgraph for [ n7 : 

o o >o 

cii+i a n -i a n 



We have a 7 = The highest weight /i and the set of roots A(g(l)) for g(l) are [i = E\+Ei + i and 
A(g(l)) = {sj±Ek | 1 < j < i and i+1 < k < n}li{sj \ 1 < j < i}. The highest weight 7 and the set 
of roots A(j(n)) for ^(n) are 7 = £1+62 and A (3(11)) = {sj+ek | 1 < j < k < i}. The highest root £ 7 
and the set of positive roots A + (l 7 ) for [ 7 are ^ 7 = e± — and A + (t 7 ) = {ej — Sk \ 1 < j < k < i}. 
The highest root ^ n7 and the set of positive roots A + ([ n7 ) for [ ra7 are ^ n7 = Ei + \ + Ei + 2 and 
A+([ n7 ) = {sj ± e k I i + 1 < j < k < n} U {ej \ i + 1 < j < n}. 



§B n (n-l) 

^1) The deleted Dynkin diagram: 



o o . . . o < g >o 

ai a 2 a n -2 «n 



(2) The subgraph for l 7 : 



o o o o 

ai a 2 a 3 a n -2 

(3) The subgraph for [„ 7 : 

O 
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We have a 7 = a<i- The highest weight fx and the set of weights A(g(l)) for g(l) are // = £i+£ n and 
A(g(l)) = {ej±e n | 1 < j < n— l}U{ej | 1 < j < n— 1}. The highest weight 7 and the set of weights 
g(j(n)) for 3(n)) are 7 = £1+62 and A(3(n)) = {£j+Ek | 1 < j < k < n— 1}. The highest root £ 7 and 
the set of positive roots A + ([ 7 ) for l 7 are £ 7 = e\ — £ n -i and A + (( 7 ) = {sj — e k | 1 < j < k < n — 1}. 
The highest root £ n7 and the set of positive roots A + (l„ 7 ) for [„ 7 are £„ 7 = e n and A + ([ n7 ) = {e n }. 

§B n (n) 

(1) The deleted Dynkin diagram: 



O O O X g) 

«1 «2 «n-l a„ 

(2) The subgraph for l 7 : 

o o o o 

a\ a 2 a 3 a n -i 

(3) No subgraph for l„ 7 (l„ 7 = {0}) 

We have a 7 = 02- The highest weight /j, and the set of weights A(g(l)) are /j, = E\ and 
A(g(l)) = {sj I 1 < j < n}. The highest weight 7 and the set of weights A($(n)) for 3(n) are 
7 = E\ + £2 and A(3(n)) = {ej + Sk \ 1 < j < k < n}. The highest root ^ 7 and the set of positive 
roots for l y are ^ 7 = E\ — e n and A + (l 7 ) = {sj — | 1 < j < k < n}. 

§C n (i), 2<i<n-l 

(1) The deleted Dynkin diagram: 



o o ® o Q ( o 

ai oti-i ai a n -i a n 

(2) The subgraph for [ 7 : 

o o o o 

«i a 2 «3 oti-i 

(3) The subgraph for l nj : 

o . . . C kj o 

a i+ i a n -i a n 

We have a 7 = a±. The highest weight fi and the set of weights A(g(l)) for g(l) are fi = E\ + £«+i 
and A(g(l)) = {ej ±£^ | 1 < j < i and i + 1 < k < n}. The highest weight 7 and the set of weights 
A(a(n)) for 3(n) are 7 = 2e x A(3(n)) = {ej + e k \ 1 < j < k < i} U {2£j | 1 < j < i}- The highest 
root £ 7 and the set of positive roots A + (l 7 ) for l 7 are £ 7 = S\ — Si and A + (l 7 ) = {ej — £& | 1 < 
j < k < i} The highest root £„ 7 and the set of positive roots A(l„ 7 ) for l„ 7 are £„ 7 = 2£j + i and 
A+([„ 7 ) = {ej ± e k I i + 1 < j < k < n} U {2ej \ i + 1 < j < n}. 



§D n (i), 3 < i < n-3 
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(1) The deleted Dynkin diagram: 



«n-l 




We have a 7 = ai- The highest weight fi and the set of weights A(g(l)) for g(l) are fi = E\ + £«+i 
and A(g(l)) = {sj ± Ek | 1 < j < i and i + 1 < k < n). The highest weight 7 and the set of weights 
A(a(n)) for 3(n)) are 7 = £\ + £2 and A(a(n)) = {£, + £& | 1 < j < k < i}. The highest root £ 7 and 
the set of positive roots A + (l 7 ) for l 7 are £ 7 = e± — £j and A + (l 7 ) = {sj — Ek | 1 < j < k < i}. 
The highest root £„ 7 and the set of positive roots A + ([„ 7 ) for l„ 7 are £„ 7 = £j+i + £j + 2 A + (l n7 ) = 
{ej ± Ek \ i + 1 < j < k < n}. 

§E 6 (3) 

(1) The deleted Dynkin diagram: 

«2 

Q 



(2) The subgraph for l 7 : 



(3) The subgraph for [ 



717- 



O— 

«1 



«3 



-6— 

CK4 



O— 

« 2 



-O- 

«4 



-jCX- 

«5 



«6 



-O- 



-O 



a 5 a 6 



o 
ai 



We have a 7 = 02- The highest weight /U for g(l) is \i = a.\ + Q2 + 03 + 2«4 + 2«5 + a%. The 
highest weight 7 for ^(n) is 7 = ol\ + 2q2 + 2c*3 + 3q4 + 2«5 + a^. The highest root £ 7 for ly is 
£ 7 = Q2 + 04 + 05 + u%. The highest root £„ 7 for l„ 7 is £„ 7 = a±. 



§E 6 (5) 
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^1) The deleted Dynkin diagram: 



OL2 

Q 



(2) The subgraph for l 7 : 



-O— 

"3 



«4 



«5 



«6 



O- 



(3) The subgraph for I 



-O— 

C(4 



-O 

«2 



O 

«6 



We have a 7 = a^- The highest weight /(/ for g(l) is = a\ + a.2 + 2a% + 2a^ + a 5 + a 6 . The 
highest weight 7 for 3(n) is 7 = a\ + 2a2 + 203 + 3«4 + 2qs + cyq. The highest weight £ 7 for l 7 is 
£ 7 = Qi + «2 + 03 + 04. The highest weight £ n7 for [„ 7 is £„ 7 = a§. 



]E 7 (2) 



[1) The deleted Dynkin diagram: 



(2) The subgraph for l 7 : 



CX- 
cei 



O- 



a 3 



«2 



-6- 



OL\ Q3 

(3) No subgraph for l ny (l nj = {0}) 



04 



a 5 



«6 



-O- 



-o 

a 7 



Q4 



«5 "6 



-O 

a 7 



We have a 7 = a±. The highest weight /x for g(l) is ;U = ol\ + Q2 + 2«3 + 3«4 + 3«5 + 2a§ + a 7 . 
The highest weight 7 for j(n) is 7 = 2a\ + 2ai + 3«3 + 4«4 + 3as + 2a§ + 07. The highest root £ 7 

for [ 7 is £ 7 = Q!i + Q!3 + CK4 + 05 + «6 + CH7. 



(1) The deleted Dynkin diagram: 



(2) The subgraph for [ 7 : 



(3) The subgraph for [ 



O- 

ai 



-O— 

a 3 



§E 7 (6) 



OL2 
Q 



-6- 



«4 



-O- 



«5 



O 

a 7 



«6 



a 7 
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We have a T = a\. The highest weight \i for g(l) is \i = a,\ + 2«2 + 2«3 + 3«4 + 2«5 + a§ + 07. 
The highest weight 7 for 3 (n) is 7 = 2a± + 2«2 + 3«3 + 4«4 + 3as + 2«6 + 07. The highest root £ 7 
for ly is £ 7 = a.\ + U2 + 2«3 + 204 + 05. The highest root £„ 7 for l„ 7 is £„ 7 = 07. 



§E 8 (1) 



(1) The deleted Dynkin diagram: 



012 
o 



-XX- 



-6- 



(2) The subgraph for l 7 : 



CK3 04 



-JO— 

«5 



-JO— 

«6 



-O— 

a 7 



-O 

«8 




(3) No subgraph for l„ 7 (l„ 7 = {0}) 

We have a 7 = a$. The highest weight ji for g(l) is /x = ai+3a2+3a3+5a4+4a5+3a6+2a7+«8- 
The highest weight 7 for 3(11) is 7 = 2ot\ + 3«2 + 4ai3 + 604 + 5qs + 4«6 + 3«7 + 2ag. The highest 
root £ 7 for ly is £ 7 = Q2 + «3 + 2Q4 + 2a$ + 2a6 + 2«7 + ag. 



§F 4 (4) 

(1) The deleted Dynkin diagram: 

O O > Q (g) 

«! «2 «3 «4 

(2) The subgraph for [ 7 : 

O o p o 

u\ a>2 03 

(3) No subgraph for l„ 7 (l„ 7 = {0}) 

We have a 7 = or. The highest weight /U for g(l) is fi = a\ + 2q2 + 3q3 + 04. The highest weight 
7 for ^(n) is 7 = 2qi + 3«2 + 4a?3 + 204. The highest root for £ 7 for ly is £ 7 = or + 2a?2 + 2a3. 
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